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Boundedness and Ultimate Boundedness

Definition 4.3

The solutions of & = f(t, ) are

m uniformly bounded if there exists ¢ > 0, independent of
to, and for every a € (0, c), there is 3 > 0, dependent on
a but independent of t,, such that

el <a = lz@ < B, Vizt

m uniformly ultimately bounded with ultimate bound b if
there exists a positive constant ¢, independent of ¢, and
for every a € (0, ¢), there is T > 0, dependent on a and b
but independent of t(, such that

[z(to) <a = [z@) <b, VEi>to+T
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m Add “Globally” if a can be arbitrarily large
m Drop “uniformly” if & = f(x)
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Lyapunov Analysis: Let V() be a cont. diff. positive definite
function and suppose the sets

Qe ={V(z) <c}, Qe ={V(z) <e}, A={c<V(z) <c}

are compact for some ¢ > ¢ > 0
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Suppose

ov
V(t,x) = %f(t,x) < —Ws(z), VeeA Vt>0
W3(x) is continuous and positive definite

Q). and €. are positively invariant

k= IilGIII\le(.T) >0

Vit,e) < =k, YVexeA Vt>t; >0

Vi(x(t)) < V(x(to)) — k(t —to) < c— k(t —to)
x(t) enters the set €. within the interval [to,to + (¢ — ) /k]
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Suppose

V(t,z) < —Ws(z), Vaxe&Dwith|z|>p V>0

Choose ¢ and ¢ such that A € DN {||z|| > u}
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Let oy and a9 be class K functions such that

(1)

ar([lz]]) < V(z) < asf

V(zg)<c = ai(fz]) <c & |zl € ar7'(c)
fB.CD, c=a(r) = Q.CB.CD

2]l < p = V() < az(p)

e=awm(n) = B,CQ
What is the ultimate bound?

V(z) <e = ai(lz]) <e e o]l < ap'(e) = ay ' (az(u))
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e
Theorem 4.4

Suppose B, C D C R" and

ay(||lz]]) < V(z) < ao(|lz]])

oV
%f(t,x) < —Ws(x), Y€ Dwith |jz|| >p, V>0

where a; and «ay are class K functions and Ws(x) is a
continuous positive definite function. Choose ¢ > 0 such that
Q. = {V(x) < c} is compact and contained in D and suppose
p < ayt(c). Then, €, is positively invariant and there exists a
class ICL function /3 such that for every x(to) € €2,

eIl < max {B(llz(to)ll, ¢ — to), ar (aa(u)}, V¢ >t

If D= R" and oy € K, the inequality holds Vz (), Vi
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m The ultimate bound is independent of the initial state

m The ultimate bound is a class K function of yu; hence, the
smaller the value of i, the smaller the ultimate bound.
As p — 0, the ultimate bound approaches zero
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Example 4.8

1 = Xy, :b2:—(1+x%)x1—x2+Mcoswt, M >0

With M =0, x5 = —(1 aF .’17%)331 — X9 = —h(.%'l) — T2

11
2 2 z1
V(z) =" x+ 2/ (y +v*) dy (Example 3.7)
pa] b
3 1
T g 1 4 def T 1 4
V(z)==x 1 %k sa = @ Pm =k 55
= 1
2
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Amin(P)|2]* < V(@) < Anaa (P)l|2]1* + 3llz]1*

- 2
1) = APy 2(r) = Apaal P+ 1

2

—x? — 2} — 22 + (21 + 232) M coswt

< —lef? - =t + MVE||z|

= —(1-0)||z|® — 2} - 8]z|* + MV/5|z|
(0<0<1)

< —(1 -0zl -2, V|| > MV5/0%< p

The solutions are GUUB by

b= 011_1(012<,LL)) _ \/)\maac(P)/"2 +N4/2

>\min <P>
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Theorem 4.5

Suppose
allz|® < V(z) < colz|?

aa—‘;f(t,x) < —c3||z||?, Yz € D with ||z|]| >p, V>0

for some positive constants ¢; to ¢z, and pu < y/c/co. Then,
Q. = {V(z) < ¢} is positively invariant and Y z(to) € €.

V(z(t)) < max {V(x(to))e_(c?’/”)(t_to), ou’}, Vit

lz(t)]| < V/ca/er max {||z(to)[le™ (/22 L vt >t
If D = R", the inequalities hold Vz(ty), Yu
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-
Example 4.9

.’i,'l = T2, L.EQ = —h(Il) — T + U(t), h(l’l) =T — %xi’

lu(®)| < d
17|k Kk “
V(z) =3z o1t T hy)dy, 0<k<1
0

1
203 < mih(zy) < a2, 24} < / h(y) dy < 1a3, V|| < 1
0

Amin(P1)[[2])? < 2T Pue <V (2) < 27 Pyt < Ao (Po) || ]|

k+3 k E+1 k
Pl:%[ k' 1}’ PZ:%[ k 1}
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V = —kzih(z) — (1 — k)22 + (kzy + z2)u(t)
< —2kzi — (1 — k)a3 + |kzy + 72| d

k= 5 = C] = Amin(Pl) = 02894, Coy = )\maX(PQ) = 0.9854

. g 2
Vo< S0L2g)2  09x2)p 12 4y /1 4 (3)? ||af d

SRR, W o] > 32304 4% p

IN

c¢= min V(z) =0.5367 = Q.={V(z) <c} C{|z:| <1}

[z |=1

For i < +/c¢/ca we need d < 0.2278. Theorem 4.5 holds and
b= py/ca/c1 =5.9775 d

Nonlinear Control Lecture # 10 Time Varying and Perturbed Systems




Perturbed Systems: Nonvanishing Perturbation

Nominal System:

Perturbed System:
= f(@)+gta),  g(t0)#0

Case 1:(Lemma 4.3) The origin of & = f(x) is exponentially
stable

Case 2:(Lemma 4.4) The origin of & = f(x) is asymptotically
stable
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R —m—S————————

Suppose that V z € B,, V¢t > 0

allzl* < V(z) < cof 2]

< -alelf, |5 <alel

lgt, )| <5< 2, /Zor, 0<b<1
Cq | C2

Then, for all z(ty) € {V(z) < ¢17?}
[2(8)]] < max {k exp[—y(t —to)]l|z(to)ll, b}, V1=t

k: 6—2’ 7:7(1_9)63’ b:
C1 262

504 Co
063 C1
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Apply Theorem 4.5

Vitz) = Sf)+Fat, x)
Zesllal? + 22 Nlgt, )]
—cs)|z|2 + cad||z

—(1 = B)es||z]|? — Bes||z])? + cud]| ]

—(1 = O)es||z]|2, Y ||z]| > dea/(Bes) < p

[ IAIA

IA

z(ty) € Q= {V(x) < c17%}

1 . 504 €2
ponf o < 1ofE oo
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Example 4.10

i'l = 29, I'g = —4I1 — QIQ —+ 61’3 + d(t)
B>0, |d#)|<é8VYt>0

3 1
T |2 8
V(z)=2"Pr=x x (Example 4.5)
15
8 16
V(t,x) = —||z||* + 2822 ( 2129 + 163:%)

+ Qd( ) (81'1 + IGJ,‘Q)

< —z|*+

v
Y k3l + o

V296
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ky = max |zo| = 1.81944/c
zT Pz<c
Suppose 5 < 8(1—()/(V29k3)  (0<(<1)
Vit,o) < —Cllz|* + 22|z o
< —(1=0)ll=)?, V llall = K = u
0<6<1)

If 1?Amax(P) < ¢, then all solutions of the perturbed system,
starting in €., are uniformly ultimately bounded by
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R —m—S————————

Suppose that Vz € B,, V¢t >0

a([|lz]]) < V(z) < ax(lz]), %ﬁ@é—%WM)

|2 pesfos’(cn(r)

a; €K, 0<60<1. Then, Va(ty) € {V(z) <ay(r)}

<k |gt,z)] <6<

@) < max{B(||lz(to)ll,t —t0), p(6)}, Vi=to, B €KL

p(6) = a7 (% <a3 1 <%>>)

Proof: Apply Theorem 4.4
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Compare

Case 1: 6 < “ 297"
Cy Co
—1
Case 2: 6 < s k(oq(r)))
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Example 4.11

T

T=— 12 (Globally asymptotically stable)
x
oV i 4zt
_ 4 ovi|__* | __
4|x|*
oullel) = aalle) =lol's  aalel) = {37 k=4’
Oas(ay ' (en(r)) _ Oas(r) 16 1
k k 1472 2
. x . )
x:—1+$2—|—5, d>5 = tlgglox(t):oo
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