Nonlinear Control
Lecture # 11
Time Varying

and
Perturbed Systems

Nonlinear Control Lecture # 11 Time Varying and Perturbed Systems



Input-to-State Stability (ISS)

The system & = f(x,u) is input-to-state stable if there exist
B € KL and v € K such that for any initial state () and
any bounded input w(t)

Jo(o)] < max { 8l ~ ), sup, Jutr) )}

to<7<t

for all t > ¢,

ISS of & = f(x,u) implies
m BIBS stability
m z(t) is ultimately bounded by v (sup,, << |[|u(7)]])
mlimy,ou(t) =0 = limy o x(t) =0
m The origin of & = f(x,0) is GAS
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Theorem 4.6
Let V(z) be a continuously differentiable function
ar([lz]]) < V(z) < ax(]|z]])

0
O f(wu) < ~Wa@), Vel 2 pllul) > 0

Va € R" ue R™ where ay, ag € Ky, p € K, and W3(z) is
a continuous positive definite function. Then, the system
i = f(z,u)is ISS with y = a; oz op

Let = p(supTZtoHu(T)H); then

ov

S @) < ~Wa(a), ¥ el 2
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|
Apply Theorem 4.4

lz(@)l < max {B(|z(to)ll, t — to), 01 (a2(p)) }

lo(o)] < max { Ba(el ¢ = 0,7 (sup fu(r) )

T>to

Since z(t) depends only on u(7) for ty < 7 < ¢, the supremum
on the right-hand side can be taken over [ty, t]
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Suppose f(x,u) is continuously differentiable and globally
Lipschitz in (z,u). If £ = f(x,0) has a globally exponentially
stable equilibrium point at the origin, then the system

& = f(z,u) is input-to-state stable

Proof: Apply (the converse Lyapunov) Theorem 3.8
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Example 4.12

t=—z34u
The origin of & = —a? is globally asymptotically stable
V= %332
V = —t*+zu

= —(1-— 0)z* — Oz + 2u
1/3
< —(1—0)zt, Y|z > (%)
0<bf<l1

The system is ISS with v(r) = (r/6)'/3
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Example 4.13

i =—xz—2z° + (1 + z*)u?

The origin of & = —x — 22° is globally exponentially stable
1.2
V = 51‘
V = —22—2z*+z(1+ %)

—zt — 2%(1 + 22 )+x(1—|—x2)u2
—zt Vx| > u?

IA

The system is ISS with v(r) = r?
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Example 4.14

. . 3
Ty = —Z1 + Za, Tog = —T] —Tag+U
Investigate GAS of T1 = —x1 + To, Ty = —x? — 9
1.4, 1.2 v 4 2
Vig) =32, +323 = V=—1,—1;
Now u # 0
j 4 2 4 2
V = —z; — o5 + zou < —x7 — x5 + |z2] ||

V < —(1 - 0)[a} + 3] — O — 6a) + |2 [l
(0<f<1)

Nonlinear Control Lecture # 11 Time Varying and Perturbed Systems



—0x3 + |z2| |u| <0 for 13| > |u|/6 and has a maximum
value of u?/(40) for |xy| < |u|/0

U2

|u

xf22—0 or xgzﬁ = —0z] — 0z3 + |24 |u| <0
2>M Uj -0 4_92 <
Joll? > 4 B o gt — 03 4 ol Jul < 0
roor?
PN =\5+ 5

V<=1 =01 +a3], Vel > p(lul)

The system is ISS
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If the systems 7 = f1(n, &) and € = f,(&, u) are input-to-state
stable, then the cascade connection

ﬁ:f1(77>€)> §:f2(€>u)

is input-to-state stable. Consequently, If 7 = f1(n,§) is
input-to-state stable and the origin of £ = f,(€) is globally
asymptotically stable, then the origin of the cascade
connection

ﬁ:fl(n>€)> §:f2(§)
is globally asymptotically stable

Nonlinear Control Lecture # 11 Time Varying and Perturbed Systems



Example 4.15
¢1=—$1+I§, Tog=—To+u
The system iy = —x; + 23 is input-to-state stable, as seen

from Theorem 4.6 with V (21) = 323

V =22+ 322 < —(1—0)2?, for |z1| > 22/, 0 << 1
The linear system @5 = —x9 + w is input-to-state stable by
Lemma 4.5

The cascade connection is input-to-state stable
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Definition 4.5

Let X C R™ and U C R™ be bounded sets containing their
respective origins as interior points. The system & = f(z,u) is
regionally input-to-state stable with respect to X x U if there
exist 8 € KL and v € K such that for any initial state

x(to) € X and any input u with u(t) € U for all t > ¢, the
solution x(t) belongs to X for all t > ¢, and satisfies

Jo(o)] < max (el e = ),  ( sup )}

to<71<t

The system & = f(x,u) is locally input-to-state stable if it is
regionally input-to-state stable with respect to some
neighborhood of the origin (z = 0,u = 0)
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Theorem 4.7

Suppose f(xz,u) is locally Lipschitz in (z,u) for all x € B, and
u € By. Let V(x) be a continuously differentiable function
that satisfies

a([|lzl]) < V() < as(flzl])

(@) < ~TWi(e), ¥ flall = pllul) > 0
for all x € B, and u € By, where a1, as, p € K and W3(x) is
a continuous positive definite function. Suppose
ai(r) > as(p(N)) and let Q@ = {V(z) < ay(r)}. Then, the
system & = f(x,u) is regionally input-to-state stable with
respect to 2 x By and y = a; oasop
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Local input-to-state stability of & = f(x,u) is equivalent to
asymptotic stability of the origin of . = f(z,0)

Lemma 4.7

Suppose f(x,u) is locally Lipschitz in (z,u) in some
neighborhood of (x = 0,u = 0). Then, the system

& = f(z,u) is locally input-to-state stable if and only if the
unforced system & = f(x,0) has an asymptotically stable
equilibrium point at the origin

The proof uses (converse Lyapunov) Theorem 3.9
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