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Memoryless Functions

u = :

(2) (b)

power inflow = uy

Resistor is passive if uy >0
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(a) (b) (©

Passive Passive Not passive
y = h(t,u), hel0, o0
Vector case: y = h(t,u), h" =[hy, hy, -+, hy |

power inflow =X uy; = u'y
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Definition 5.1
y = h(t,u) is
m passive if uly >0
m lossless if uly =0
m input strictly passive if u”y > u”p(u) for some function
¢ where ul'p(u) >0, V u # 0
m output strictly passive if u’y > 47 p(y) for some function
p where yTp(y) >0,V y #0
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Sector Nonlinearity: & belongs to the sector [a, 5]

au? < uh(t,u) < pu?

(h € [a,8]) if
y=Bu
y
y=0u
u
@& a>0

() a<0

Also, h € (a,p], hela,B), he(a,p)
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au? < uh(t,u) < Bu?® < [h(t,u) — au][h(t,u) — Bu] <0

Definition 5.2

A memoryless function h(t, ) is said to belong to the sector
m [0, 00] if uTh(t,u) >0
m (K, 00 if ul[(t,u) — Kju] >0
m [0, K] with Ky = KI' > 0if BT (¢, u)[h(t,u) — Kou] <0
m Ky, Ko with K = Ky — K; = KT > 0 if

[h(t,u) — Kyu]" [h(t,u) — Kyu] <0
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hg(Uz)

o 0 | B 0

S Y
h € [K;, Ko
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1A (u) = Lu|| < vllul

KlzL—’}/I, KQZL—i—"yI

[A(w) = Kyu]"[h(u) — Kyu] =
1h(u) = Lull* = 7*||ul* < 0

K:KQ—K1:2’}/I
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A function in the sector [K;, K] can be transformed into a
function in the sector [0, o] by input feedforward followed by

output feedback

+ +
O K-t Y= h(tu U) O
+ ‘
K
Feedforward K1 Feedback
[KlaKQ] W [OaK] — [07]] [0,00]
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State Models

Example 5.1

vz=h2(i2) L
NAF—"2

Y 12 + Uy — i
+1 + v+
UC) U1 |:§:|ll = hl(vl) ve—=C 'U3|:§:|’l:3 = h3(’03)
) is),
Li’l = U—h2($1)—$2

Ciy = x1— hs(z2)
y = x1+ hi(u)
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Lz x1 + Cagio

z1[u — ho(z1) — T2 + z2[z1 — hs(x2)]

x1[u — ha(x1)] — xohs3(x2)

[1 4+ h1(u)]u — uhy(u) — x1ho(21) — 22hs3(22)
uy — uhy(u) — x1ha(x1) — x2hg(22)




wy =V + uhy(w) + 1hy (1) + 22hs(x2)
If hy, ho, and hg are passive, uy > V and the system is passive

Case 1: If hy = ho = hg =0, then uy = V: no energy
dissipation; the system is lossless

Case 2: If hy € (0, 00] (uhy(u) > 0 for u # 0), then
wy >V + why(u)

The energy absorbed over [0, ¢] will be greater than the
increase in the stored energy, unless the input u(t) is
identically zero. This is a case of input strict passivity

Nonlinear Control Lecture # 12 Passivity



|
Case 3: If hy =0 and hy € (0, 00], then

y=umx; and uy > V+yh2(y)

The energy absorbed over [0, ¢] will be greater than the
increase in the stored energy, unless the output y is identically
zero. This is a case of output strict passivity

Case 4: If hy € (0,00) and h3 € (0,00), then
wy >V + x1ho(z1) + ohs(z2)

x1he(x1) + x2h3(xo) is a positive definite function of z. This
is a case of state strict passivity because the energy absorbed
over [0,t] will be greater than the increase in the stored
energy, unless the state x is identically zero
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e
Definition 5.3

The system
&= f(z,u), y=nh(z,u)

is passive if there is a continuously differentiable positive
semidefinite function V' (z) (the storage function) such that

.
>V ="
uy 2V =2 f(a,u), Y (5,u)

Moreover, it is

m lossless if uly =V

m input strictly passive if u”y >V + uTo(u) for some
function ¢ such that uTp(u) >0, V u # 0

m output strictly passive if uZy >V + yTp(y) for some
function p such that y"p(y) >0, Vy # 0

m strictly passive if uly > V + 4(x) for some positive
definite function
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-
ab = Y=z
V(r)=12> = uy=V = Lossless
=, y=x+h(u), hel0, o0
V(z) =1a* = uy=V+uh(u) = Passive

he (0,00 = uh(u)>0Vu#0

= Input strictly passive
z = —h(z) +u, y==x, hel0,o00]
V(z)=12> = uy=V+yh(y) = Passive

h € (0,00] = Output strictly passive

Nonlinear Control Lecture # 12 Passivity



-
Example 5.3

T =u, y=h(z), hel0,ox]
V(z) = / h(c) do = V =h(z)t =yu = Lossless
0
at = —r + u, y=h(z), helo, o]

V(z) = a/ox h(o) do = V = h(z)(—z 4 u) = yu — zh(z)

yu="V +zh(z) = Passive

h € (0,00] = Strictly passive
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Example 5.4

T1 = T, e = —h(x1) — axgy + u, y=bry+u

h € [a,00], a>0, b>0, «a;>0

1
V(iz) = a/ h(c) do + taz” Pz
0
= a/ h(o) do + Sa(puz] + 2p12z122 + paax)
0

a>0, pn>0, pups—pip>0
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uy — V = u(bzy + u) — afh(zy) + pr1z1 + pra®a) s
— a(p12%1 + paaxa)[—h(z1) — azs + U]

Take poo = 1, p11 = api2, and a = b to cancel the cross
product terms

uy —V > bpra (061 = ibpu) 23 + b(a — p12)73
pi2 = ak, 0<k < min{l,4a;/(ab)}

= p11 > 0, prpa —piy >0
= bp12 (Oél — ibpm) > 0, b(a —p12> >0

= Strictly passive

Nonlinear Control Lecture # 12 Passivity



-
Example 5.5

T, = Zg, Ty = —sinx; — bxy + cu, Y= Ty

b>0, ¢>0

V(z) = o[l —cosz)+ 23], a>0

V(z) is positive semidefinite but not positive definite V x
uy — V = uzy — afzysinz; — zysinz; — bxs 4 crou]

a=1/c = uy—V=(b/c)z2>0
Lossless when b =0

Output strictly passive when b > 0
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