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-
L Stability

Input-Output Models: y=Hu

u(t) is a piecewise continuous function of ¢ and belongs to a
linear space of signals

m The space of bounded functions: sup,- ||u(t)|| < oo
m The space of square-integrable functions:

S ut (t)u(t) dt < oo

Norm of a signal ||ul|:
mul|>0and |ul| =0 & u=0
m |aul|| = al|lu|| for any a > 0
m Triangle Inequality: [Ju; + ua|| < ||| + [Juz]|
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L, spaces:

Lo Nullzw = sup [[u(t)]] < oo
>0

Lo e, = \// W (B)u(t) dt < oo

1/p
£, ||u||cp—(/ ||u<>||pdt) coo, 1<p<oc
0

Notation L' p is the type of p-norm used to define the space
and m is the dimension of u
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Extended Space: L. ={u|u, € L,V 7€ [0,00)}
u(t), 0<t<r

u, is a truncation of w: w,(t) = { 0 P

L. is a linear space and L C L,

u ¢ Lo but u, € L
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Causality: A mapping H : L* — L2 is causal if the value of
the output (Hu)(t) at any time ¢ depends only on the values
of the input up to time ¢

(Hu), = (Huy),

Definition 6.1
A scalar continuous function g(r), defined for r € [0, a), is a

gain function if it is nondecreasing and ¢(0) =0

A class K function is a gain function but not the other way
around. By not requiring the gain function to be strictly
increasing we can have g = 0 or g(r) = sat(r)
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Definition 6.2

A mapping H : L' — L% is L stable if there exist a gain
function g, defined on [0, c0), and a nonnegative constant
such that

|(Hu): ||z < g(|urllz) + 8, VueLlland T €0, 00)

It is finite-gain L stable if there exist nonnegative constants ~
and [ such that

l(Hu), |l < Allurllc+ 6, VueLlland T € 0,00)

In this case, we say that the system has £ gain <. The bias
term [ is included in the definition to allow for systems where
Hu does not vanish at u = 0.
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Example 6.1: Memoryless function y = h(u)

Suppose |h(u)] <a+blul, VueR

Finite-gain L., stable with 5 =a and v =5
If a =0, then for each p € [1, 00)

/0 T hu(e)P dt < o) / T u(t) dt

Finite-gain £, stable with 3 =0and v =b

For h(u) = u?, H is L., stable with zero bias and g(r) = r*.
It is not finite-gain L, stable because |h(u)| = u?* cannot be
bounded ~|u| + /3 for all u € R
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Example 6.2: SISO causal convolution operator
t
y(t) :/ h(t —o)u(o) do, h(t) =0 for t <0
0
Suppose h € L1 & [kl = / el @5 < cs
0

ly(®)] folht*U)l |u(o)| do

<
< fo |h t_ ‘7)| do SUPg<s<r |u( )|
= fo |h(s)| ds SUPp<o<r [u(o)]

1yrlleoe < MAlleyllurllz, ¥ 7 € [0,00)

Finite-gain L, stable

Also, finite-gain £, stable for p € [1,00) (see textbook)
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Small-signal £ Stability

Example 6.3

Yy = tanu

The output y(t) is defined only when the input signal is
restricted to |u(t)| < /2 forallt >0

welusr<mz = i< ()

tanr
Iole, < (22 el € 1,00
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Definition 6.3

A mapping H : L' — LI is small-signal L stable
(respectively, small-signal finite-gain £ stable) if there is a
positive constant 7 such that the condition for £ stability (
respectively, finite-gain L stability ) is satisfied for all u € L
with supg<s<, [[u(t)]| < r
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-
L Stability of State Models

i = f(z,u), y=h(zu), 0= f(0,0), 0= h(0,0)

Case 1: The origin of & = f(x,0) is exponentially stable

Theorem 6.1

Suppose, Y [|z|| < r, V ||ul] < 7y,

allzl* < V(z) < ef|olf?
ov ov
> < _ 2 < p
e fw.0) < ~alelP, 5] < el

1S (2, w) = f(2, 0[] < Lilull,  [|h(z, w)l| < mllzll + nellul

Then, for each o with ||zo|| < 7v/c1/ca, the system is
small-signal finite-gain L, stable for each p € [1, c0]. It is
finite-gain £, stable V zy € R" if the assumptions hold
globally  [see the textbook for 4 and 7]
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ov

. )%
: L
V < —csllzl® + esLlz]| lull < — —V+ %II ul| VV
W(x) =+/V(x)
. C3 caL
< —_— = — pr—
W < —aW +b|lu(t)]|, a 20y b NG

Ut) = e®W(z(t)) = U= e W + ae®W < be®|ul|

U(t) < U(0) +/O be" ||u(T)|| dr
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W (z(t)) < e”W(x(0)) +/0 e~ =Dp|lu(T)]|| dr

Varlzll < Wz) < Vel
L t

lz(@)]] < /2 |2(0)]le™ + == / e~ |u(r)|| dr
C1 2C1 0

ly (DI < mullz (@] + nzllu(@)]]

t
ly@)I < Kollx(0)[le™ + kz/o e~ lu(n) dr + ks [lu(®)l]
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Example 6.4

i=—z— 23 +u, y=tanhx +u

Finite-gain £, stable for each z(0) € R and each p € [1, o0]

Example 6.5

T1 =Xy, Ty =—T1 —xy—atanhx; +u, y=x1, a>0

V(z) = 2" Pz = p11a] + 2p12z1 22 + o)
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vV = *21712(1% + axy tanh 1) + 2(p11 — P12 — P22) 122
— 2apaoxs tanh z1 — 2(pag — pu)x§

P11 = P12+ pee =  the term xyz5 is canceled

P =2p12o =1 = P is positive definite

V= —3:% - x% — ax tanh 7 — 2ax, tanh z;

V < —|lz|* + 2a]a1] [w2] £ ~(1 = a)=]®

a<1l=c;=Anin(P),c2 = Anax(P),c3=1—a,cy = 2¢y
L=nm=1 mnn=0

For each z(0) € R?, p € [1, 00|, the system is finite-gain L,
stable
7 = 2Dmax(P)?/[(1 = @) Amin(P)]
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Case 2: The origin of & = f(x,0) is asymptotically stable

Theorem 6.2

Suppose that, for all (x,u), f is locally Lipschitz and & is
continuous and satisfies

17z, W)l < ga(llzl) + g2(llull) +2, 7 =0

for some gain functions g1, go. If & = f(z,u) is ISS, then, for
each z(0) € R", the system

i‘:f(l"u)’ y:h(x,u)

is L, stable
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Jo(o)] < max { paal. 0,7 ( sup o)}

ly@)l < g1 (max {B(||zoll, ), (suPo<i<r lu(®)])})
+92([[u@®)]]) + 7

gr(max{a, b}) < gi(a) + g1(b)

Yrll 2o < 9 (1Urll2o) + Bo
g=giovy+gs and By = gi(B(]|zol],0))+7n
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Theorem 6.3

Suppose f is locally Lipschitz and A is continuous in some
neighborhood of (x = 0, u = 0). If the origin of & = f(x,0)
is asymptotically stable, then there is a constant £; > 0 such
that for each z(0) with ||z(0)|| < k1, the system

j::f(:z:,u), y:h(a:,u)

is small-signal L, stable

Use Lemma 4.7 (asymptotic stability is equivalent to local ISS)
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Example 6.6

i =—x—22° + (14 z)u?, y=x2+u

ISS from Example 4.13
gl(r) :T27 QQ(T) =T 77:0

L, stable
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Example 6.7
L 3 S 3 _
Ty = —2] + T2, To=—T1 — Ty + U, Y =T+ X2

V=@l+12) = V=-2%— 222+ 250

7y + 75 > gllz]*

Vo< o+ 2llu
= —(1=O)llall* - Bllall* + 2lalljul, 0<6<1
a 2l 1/3
< —(=0)lallt, Va2 (%) = 155

a(r)=v2r, ¢=0, n=0

L stable
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