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Lo Gain
Theorem 6.4

Consider the linear time-invariant system
& = Az + Bu, y=Cx+ Du
where A is Hurwitz. Let G(s) = C(s[ — A)"'B+ D

The £, gain < sup,,c||G(jw)]

Actually, Lo gain = sup,cp ||G(jw)||
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U(jw) = / T u®)e I dt, Y (jw) = GUw)U ()

By Parseval’s theorem

Wz, = [T = 5o [~V Gy do
— 5 [ U6 (GG e de
< (sl 5 [~ vGUte) do

weER — 0

2
= (sup ||G(]W)||> ||u||%2
weR
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Consider the time-invariant system
.i’Zf(l’7u), y:h(aj,u)

where f is locally Lipschitz and h is continuous for all z € R"
and u € R™. Let V(z) be a positive semidefinite function
such that

e
V= oo f@w) <k@Plul® = lyl®), k>0

Then, for each z(0) € R", the system is finite-gain £, stable
and its £y gain is less than or equal to 7. In particular

V(z(0
I9rlles < e, + 2L
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V(a(r) - V(2(0)) < k7 / u(®))? di — k / @) dt

V(z) 20
/oT ly@®)I* dt <~ /0 lu(®)]|* dt + V(ll;;((]))

V(2(0))

ly=lles < Yllurlle, + L
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Theorem 6.5

If the system
&= f(z,u), y=nh(z,u)
is output strictly passive with
uly >V +6yTy, >0

then it is finite-gain L, stable and its £ gain is less than or

equal to 1/0
Vo< uly—dyTy
= 5—%(% —0y)"(u = 8y) + s5u"u — §y"y
< S (pulu—yTy
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Theorem 6.6

Consider the time-invariant system
&= f(z)+Gz)u,  y=h(z)

F(0)=0,  h(0)=0

where f and G are locally Lipschitz and h is continuous over
R™. Suppose 9 v > 0 and a continuously differentiable,
positive semidefinite function V() that satisfies the
Hamilton—Jacobi inequality

oV 1oV oo (VT 1,
Ef(m)—FQ—’y?@_xG(x)G (x) <$) +§h (x)h(xz) <0

V x € R". Then, for each z(0) € R", the system is finite-gain
Lo stable and its £, gain < v
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oV oV
p. (:c)—i-%G(:c)u:
2
Ll Tar (VY| LV
- 5@ () || +5ere@

1 oV N 2172 N S
+7—xG($)G (z) (a) T3 [Jwll

. 1 1
V < 2 2 - 2
< TPllul® - Ll
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Example 6.8

T1 = Tog, j,’g:—axﬁ—kxg—ku, y=1x9, a,k>0

vV = az3zs + To(—axd — kxo + u)

= —kx2+zou = —ky* +yu

The system is finite-gain L, stable and its £, gain is less than
or equal to 1/k
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Example 6.9

& = Az + Bu, y=Cx

Suppose there is P = PT > ( that satisfies the Riccati
equation

1

PA+ATP+ S PBB'P+C"C =0

g
for some v > 0. Verify that V(z) = 127 P satisfies the
Hamilton-Jacobi equation

The system is finite-gain L, stable and its £, gain is less than
or equal to y
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Local Versions

Suppose V() satisfies
V = S0 p ) < Pl ~ Iy, k>0

forxr e DC R" and u € D, C R™, where D and D,, are
domains that contain z = 0 and u = 0, respectively. Suppose
further that = 0 is an asymptotically stable equilibrium point
of & = f(x,0). Then, there is r > 0 such that for each z(0)
with [|z(0)|| < r, the system

& = f(z,u), y = h(z,u)

is small-signal finite-gain £, stable with £, gain less than or
equal to y
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Theorem 6.7

Consider the system

x':f(x,u), y:h(l‘>u)

Assume ‘
ul'y >V +oyly, 6>0

is satisfied for V(z) > 0 in some neighborhood of

(x = 0,u = 0) and the origin is an asymptotically stable
equilibrium point of & = f(x,0). Then, the system is
small-signal finite-gain L, stable and its £, gain is less than or
equal to 1/6
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Theorem 6.8

Consider the system

&= fl2) +G(x)u,  y=hz)

Assume
1% 10V o (VT 1.,
- _— - Z <
o (r) + 37 0n G(z)G" (x) (89@) + 2h (x)h(z) <0

is satisfied for V(z) > 0 in some neighborhood of

(x = 0,u = 0) and the origin is an asymptotically stable
equilibrium point of & = f(x). Then, the system is small-signal
finite-gain L, stable and its £, gain is less than or equal to v
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Example 6.10

. . 1 3
T1 = To, m2:—a(x1—§x1)—ka:2+u, Yy==x2, a, k>0

1 1 1
V(z)=a (—xf > + 222 > 0 for |z,| < V6
12 2

1%

= —kz3 + zou = —ky® + yu
u=0 = V:—kxggo

(1) =0 = z,(t)[3—-22t)] =0 = z1(t) =0 for |z;| < V3

By the invariance principle, the origin is asymptotically stable
when u = 0. By Theorem 6.7, the system is small-signal
finite-gain £, stable and its £, gainis < 1/k
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