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Passivity Theorems

Theorem 7.1

The feedback connection of two passive systems is passive

Let Vi(z1) and V5(z2) be the storage functions for H; and H,
(V; =0 if H; is memoryless )

ely; > Vi, V(z) = Vi(z1) + Va(zo)

ety +egya = (ur —y2) Y + (uz +y1) v = ui y1 + ugys
Uy Y1
u = , =
=)
Wy=uly+uiyp >Vi+ V=V
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Asymptotic Stability

Theorem 7.2
Consider the feedback connection of two dynamical systems.
When u = 0, the origin of the closed-loop system is
asymptotically stable if one of the following conditions is
satisfied:
m both feedback components are strictly passive;
m both feedback components are output strictly passive and
zero-state observable;
m one component is strictly passive and the other one is
output strictly passive and zero-state observable.

If the storage function for each component is radially
unbounded, the origin is globally asymptotically stable
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H, is SP; Hy is OSP & ZSO
€1Ty1 > Vl+¢1(371), Yi(z1) >0, Vo, #0
eXya > Vo + ya pa(ya), Ys p(y2) > 0, Vo #0
eTyr 4+ eXyy = (ur — o) yn + (w2 + 1) Tve = uFyr +ulyy
V(x) = Vi(x1) + Va(za)

1%4 < uTy — Y1 (x1) — ?JzTP2(y2)
u=0 = V < —1(z1) — y2TP2(y2)
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V < —ti(21) — y3 pa(ye)
V=0 = ry=0and y, =0
Yy(t) =0 = () =0 (& x(t)=0) = wn(t)=0
yi(t) =0 = ex(t) =0
By zero-state observability of Hy: ys(t) =0 = x5(t) =0

Apply the invariance principle
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Example 7.1

Ty = Ty T3 = T4
iy = —azd—kryt+e iy = —brz—z5+em
h = 22 Y2 = T4
A A g
Vv Vv
Hy Ho
a, b, k>0
1.4, 1.2
Vi = jax; + 515
j 3 3 2 2
Vi = ax{zy — axize — kx5 + 2061 = —ky; + y1€1

Withe; =0, y1(t) =0 & 23(t) =0 = z1(t) =0

H, is output strictly passive and zero-state observable
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_1p.2 1.2
Vo = 5bas + 5

: 4 4
Vo = brswy — brsry — Ty + T4 = —Yyo + Y2€2

With e =0, 3%(t) =0 & x4(t) =0 = x3(t) =0
H, is output strictly passive and zero-state observable

V1 and V4 are radially unbounded

The origin is globally asymptotically stable
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Example 7.2

Reconsider the previous example, but change the output of H;
to
Y1 =22+ €1

Vi = —kz3 + 3061 = —k(y1 — &1)* — €] + piey

H, is passive, but we cannot conclude strict passivity or
output strict passivity. We cannot apply Theorem 7.2

V=Vi+ Vs =tax] + 125 + Lbaf + o]

VvV = —ka:% + x9e1 — xj + z469

2 4
—kxs — xoxy — xy + T4(T2 — T4)
= —kxi-zt—22 <0
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V=—ke:—at-22 <0
V=0 = To=x4=0
o) =0 = azi(t) —24(t) =0 = 71(t) =0
2y(t) =0 = —brs(t) +x2(t) —24(t) =0 = 23(t) =0

By the invariance principle and the fact that V' is radially
unbounded, we conclude that the origin is globally
asymptotically stable
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Example 7.3

Reconsider
i’l = Zo, l.'g = —hl(l‘l) = hz(ﬂ?g), h, S (0, OO)

from Example 3.8.
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Hy: &g = —ho(z2) + €1, Y1 =122

1 o
Vi=gah,  Vi=—mha(ee) + o6 = —pha(n) +yier

Output Strictly Passive (Strictly Passive)

Hy : Ty =€, Yo = h1($1)
azil .
‘/2 = / h1<0') dO', ‘/2 = ]’Ll({L'l)GQ = Y262 Lossless
0

We cannot apply Theorem 7.2, but use

T 1
V=V1+V2=/ hl(a)d0+§x§
0

as a Lyapunov function candidate (Examples 3.8 and 3.9)

Nonlinear Control Lecture # 16 Stability of Feedback Systems



e
Theorem 7.3

Consider the feedback connection of a strictly passive
dynamical system with a passive time-varying memoryless
function. When u = 0, the origin of the closed-loop system is
uniformly asymptotically stable. if the storage function for the
dynamical system is radially unbounded, the origin will be
globally uniformly asymptotically stable

Let Vi(x1) be (positive definite) storage function of H;.

oV

V1 o 1f1(l’17€1) < 61 Y1 — i(71) = _6592 — 1 (z1)

ey >0 = W < —1)1(z1)
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Example 7.4

Consider the feedback connection of a strictly positive real
transfer function and a passive time-varying memoryless
function

From Lemma 5.4, we know that the dynamical system is
strictly passive with a positive definite storage function
V(z)=1z"Px

From Theorem 7.3, the origin of the closed-loop system is
globally uniformly asymptotically stable
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Theorem 7.4

Consider the feedback connection of a time-invariant
dynamical system H; with a time-invariant memoryless
function Hs. Suppose H; is zero-state observable, Vi () is
positive definite

efyr > Vi +yF o (), €5 Yo > €3 pa(e2)

Then, the origin of the closed-loop system (when u = 0) is
asymptotically stable if

v [o1(v) + pa(v)] >0, Vv #0

Furthermore, if V] is radially unbounded, the origin will be
globally asymptotically stable
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Example 7.5

T = f(x)+G(z)e
y = h() | e

0(0) =0, elo(e) >0, Vey#0

Suppose H; is zero-state observable and there is a radially
unbounded positive definite function V;(x) such that

oVy Vi T
Zva < v — n
o (x) <0, 5 G(z)=h'(x), Vz€R
. oV oV;
V= a—; (x) + a—;G(x)el < leel
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Apply Theorem 7.4: _
Vi < €1T3/1

elyr > Vi+ylpi(y1) s satisfied with  p; =0

62Ty2 = 650(62)

eXys > el py(e) s satisfied with ¢, = o
v o1 (v) + pa(v)] = vTo(v) >0, Vou#0

The origin is globally asymptotically stable
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