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& = fi(ws,€), yi = hi(zi, e;)

Yi = hi(t> €i)
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Loop Transformations

Recall that a memoryless function in the sector [K;, K5 can
be transformed into a function in the sector [0, co] by input
feedforward followed by output feedback

+ +
O K y = h(t,u) O
_l_
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Hy

H, is a dynamical system

H, is a memoryless function in the sector K, K]
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Example 7.6

i‘l = X9
i‘Q = —h(l‘l) + cro + €1 Yo = 0'(62)
_ S———
h = 22 Hy
H

o€la,B], he€lag,00], ¢>0, ay >0, b=F—a>0

j,'l = X9

Ty = —h(z) —azry + & o = 0(€2)

71 = bry+e T
i

g€l0,00, a=a-c

Nonlinear Control Lecture # 17 Stability of Feedback Systems



It is shown in Example 5.4 that when a = a — ¢ > 0, f{l is
strictly passive with a radially unbounded storage function.
Thus, we conclude from Theorem 7.3 that the origin of the
feedback connection is globally asymptotically stable (when
u=0)
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Finite-Gain L, Stability

The feedback connection of two output strictly passive
systems with

ely; > Vi + 0yl vi, 9, >0

is finite-gain L, stable and its £, gain is less than or equal to
1/min{51, (52}

V= ‘/1 T ‘/2, 6 = min{él,éz}
u'y = elyitesys > Vi+ Sty + Va+ 82y Yo
> V+oyln+ys) =V +oy'y

Apply Theorem 6.5
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e
Theorem 7.6

Consider a feedback connection where
ely; > Vi 4+ eele; + 6iyly;, fori=1,2
Then, the closed-loop map from u to y is finite-gain £, stable
! €1+02 >0 and ey +6; >0
Special cases:
€1 =63 =0,8, > 0,0, >0 Both are OSP
€1 >0,69>0,0, =3, =0 Both are ISP

61:51:0,62>0,52>0 H1 P, H2 OSP & ISP

€1 < 0 can be compensated for by d > 0
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V(x) = Vi(z1) + Va(2)

ety esye =uiy1 +uzys

T T T T T T T T
€161 =Uj UL — 22Uy Y2 + Ys Yo, €363 = Uy Us + 2Us Y1 + Y1 Y1

(EQ -+ (51)[ 0
0 (81 T (52)1

a:min{62+61,51+5g}, b= ||N||7 Cc = ”MH

V< —yTLy—u Mu+uT Ny, L=

Vo< —allyll* + bllullllyll + cllull®
2

1 b
= 5 (bllull = ally)* + - llull® - gllyll2 +cffuf)®

k? 2 a 2
Pl — Zlyl> Apply Lemma 6.1

IN

Nonlinear Control Lecture # 17 Stability of Feedback Systems



-
Example 7.7

&= f(x)+G(x)er, y1 =h(z) | y2=o0(e2)

H Hs
Uz‘e[aaﬁ]a 6>a>0
oV Vi )
8—xf($) <0, %G(fﬂ) =h'(z) = {1 >V
T T T 1 7 T 1 7
aey ey < ey < Peyes  and EQQ Y2 S e3Ys < EyQ Y2

1
esys = ves yat(1—7)es yo > vaegeﬁ(l—v)gyff Yo, 0<y <1

e1=6=0, e2=70, &=(1-7)/8

The closed-loop map from w to y is finite-gain Lo stable
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N
The Small-Gain Theorem

Uy €1 U1
44_’@—> Hy

+

Y2 €9 + U2
Hy O

HleHL: S ’ylHeer,C + /617 V e € ‘CZ% V TE [07 OO)

||y27'”£ S 72||€2TH£ + 527 \V/ €2 S [‘g7 \V/ T E [07 OO)
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=[] o= [2] =[]

Theorem 7.7

The feedback connection is finite-gain £ stable if 7175 < 1
err = uir — (Hae2)r,  e2r = up, + (Hier):

[uarlle + (| (Hae2)- 2
luarlle + v2llexr [l + Bz

lewrlle <
<
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lewrlle < Nuirlle + 72 (|uarlle +1llewllz + B1) + Be

V172||€1r||z
+ ([Juirlle + velluarllc + B2 +7281)

1
leir|le < 7———(llutrllc +1elluerllc + B2 + 7281)
L =77

1
lear|lc < ———(lluarllc + nlluirllc + B +7152)
L =77

lerlle < llexrlle + llexr .
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Example 7.9

H1: Hurwitz G(s)

H2: yp=9(ter), [0 o)l <yl ViVy
H, is finite-gain L, stable; £y gain < sup,cg |[|G(jw)l|

H, is finite-gain L, stable; £ gain < vy

The feedback connection is finite-gain Lo stable if

Y2 sup ||G(jw)|| < 1
wWER
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Example 7.10

T = f(t,z,v+di(t)), ez=Az+ Blu+ds(t)], v=Cz

Aisa Hurwitz, —CA'B=1, ex1l, d, €L

Model order reduction: € =0
v=—CA'B(u+dy) =u+dy

I':f(t,$,u+d), d:d1+d2

Disturbance attenuation: Design u = ¢(t, x) such that

lzlle <Alldllc+ B, <0

What happens when u is applied to the actual system?
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= f(t,z,Cz + di(2)), £3 = Az + B[é(t, ) + da(t)]
Assume dy € L

n=z+ A'B[¢(t, ) + do(t)]

i = f(t,z,0(t, x)+d)+Cn), e = Ant+eA ' Bld+ds(t)]

b= % + a—¢f(t, z, d(t, z) + d(t) + Cn)

The system can be represented as a feedback connection
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H1: j::f(tvx7¢(t7x)+el)7 y1:¢
1
H2: 7= EAU + A7 Bey, ya = —Cn

U1:d1+d2:d, UQ:dg

Assume | 99 + 09 (t,z,é(t,z) + e1)

ot ' oz < c1]z|| + eolled]|

||y1||£ < 71||€1||£ +61, m=caytc, B=cp

ly2lle < evslleallc + Ba
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|
By the small-gain theorem,
1
lexlle < m[l\ulllc + evslluslle +evsBi + B
By design
lzlle <Allexlle + 5

Hence

’)/ .
< —|||d d
]z < = 5’71’)7[” e + evelldallc + evrBr + Ba] +

v

—7||d||l c+B8+vB2 AS e—0
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