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ẋi = fi(xi, ei), yi = hi(xi, ei)

yi = hi(t, ei)
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Loop Transformations
Recall that a memoryless function in the sector [K1, K2] can
be transformed into a function in the sector [0,∞] by input
feedforward followed by output feedback
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H1 is a dynamical system

H2 is a memoryless function in the sector [K1, K2]
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Example 7.6

ẋ1 = x2
ẋ2 = −h(x1) + cx2 + e1
y1 = x2
︸ ︷︷ ︸

H1

∣
∣
∣
∣
∣
∣

y2 = σ(e2)
︸ ︷︷ ︸

H2

σ ∈ [α, β], h ∈ [α1,∞], c > 0, α1 > 0, b = β − α > 0

ẋ1 = x2
ẋ2 = −h(x1)− ax2 + ẽ1
ỹ1 = bx2 + ẽ1
︸ ︷︷ ︸

H̃1

∣
∣
∣
∣
∣
∣
∣

ỹ2 = σ̃(ẽ2)
︸ ︷︷ ︸

H̃2

σ̃ ∈ [0,∞], a = α− c
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It is shown in Example 5.4 that when a = α− c > 0, H̃1 is
strictly passive with a radially unbounded storage function.
Thus, we conclude from Theorem 7.3 that the origin of the
feedback connection is globally asymptotically stable (when
u = 0)
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Finite-Gain L2 Stability

Theorem 7.5

The feedback connection of two output strictly passive
systems with

eTi yi ≥ V̇i + δiy
T
i yi, δi > 0

is finite-gain L2 stable and its L2 gain is less than or equal to
1/min{δ1, δ2}

Proof

V = V1 + V2, δ = min{δ1, δ2}

uTy = eT1 y1 + eT2 y2 ≥ V̇1 + δ1y
T
1 y1 + V̇2 + δ2y

T
2 y2

≥ V̇ + δ(yT1 y1 + yT2 y2) = V̇ + δyTy

Apply Theorem 6.5
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Theorem 7.6

Consider a feedback connection where

eTi yi ≥ V̇i + εie
T
i ei + δiy

T
i yi, for i = 1, 2

Then, the closed-loop map from u to y is finite-gain L2 stable
if

ε1 + δ2 > 0 and ε2 + δ1 > 0

Special cases:

ε1 = ε2 = 0, δ1 > 0, δ2 > 0 Both are OSP

ε1 > 0, ε2 > 0, δ1 = δ2 = 0 Both are ISP

ε1 = δ1 = 0, ε2 > 0, δ2 > 0 H1 P, H2 OSP & ISP

ε1 < 0 can be compensated for by δ2 > 0
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Proof

V (x) = V1(x1) + V2(x2)

eT1 y1 + eT2 y2 = uT1 y1 + uT2 y2

eT1 e1 = uT1 u1 − 2uT1 y2 + yT2 y2, eT2 e2 = uT2 u2 + 2uT2 y1 + yT1 y1

V̇ ≤ −yTLy−uTMu+uTNy, L =

[
(ε2 + δ1)I 0

0 (ε1 + δ2)I

]

a = min{ε2 + δ1, ε1 + δ2}, b = ‖N‖, c = ‖M‖

V̇ ≤ −a‖y‖2 + b‖u‖‖y‖+ c‖u‖2

= −
1

2a
(b‖u‖ − a‖y‖)2 +

b2

2a
‖u‖2 −

a

2
‖y‖2 + c‖u‖2

≤
k2

2a
‖u‖2 −

a

2
‖y‖2 Apply Lemma 6.1
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Example 7.7

ẋ = f(x) +G(x)e1, y1 = h(x)
︸ ︷︷ ︸

H1

∣
∣
∣
∣
∣
∣

y2 = σ(e2)
︸ ︷︷ ︸

H2

σi ∈ [α, β], β > α > 0

∂V1
∂x

f(x) ≤ 0,
∂V1
∂x

G(x) = hT (x) ⇒ eT1 y1 ≥ V̇1

αeT2 e2 ≤ eT2 y2 ≤ βeT2 e2 and
1

β
yT2 y2 ≤ eT2 y2 ≤

1

α
yT2 y2

eT2 y2 = γeT2 y2+(1−γ)eT2 y2 ≥ γαeT2 e2+(1−γ)
1

β
yT2 y2, 0 < γ < 1

ε1 = δ1 = 0, ε2 = γα, δ2 = (1− γ)/β

The closed-loop map from u to y is finite-gain L2 stable
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The Small-Gain Theorem
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‖y1τ‖L ≤ γ1‖e1τ‖L + β1, ∀ e1 ∈ Lm
e , ∀ τ ∈ [0,∞)

‖y2τ‖L ≤ γ2‖e2τ‖L + β2, ∀ e2 ∈ Lq
e, ∀ τ ∈ [0,∞)
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u =

[
u1
u2

]

, y =

[
y1
y2

]

, e =

[
e1
e2

]

Theorem 7.7

The feedback connection is finite-gain L stable if γ1γ2 < 1

Proof

e1τ = u1τ − (H2e2)τ , e2τ = u2τ + (H1e1)τ

‖e1τ‖L ≤ ‖u1τ‖L + ‖(H2e2)τ‖L
≤ ‖u1τ‖L + γ2‖e2τ‖L + β2
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‖e1τ‖L ≤ ‖u1τ‖L + γ2 (‖u2τ‖L + γ1‖e1τ‖L + β1) + β2
= γ1γ2‖e1τ‖L

+ (‖u1τ‖L + γ2‖u2τ‖L + β2 + γ2β1)

‖e1τ‖L ≤
1

1− γ1γ2
(‖u1τ‖L + γ2‖u2τ‖L + β2 + γ2β1)

‖e2τ‖L ≤
1

1− γ1γ2
(‖u2τ‖L + γ1‖u1τ‖L + β1 + γ1β2)

‖eτ‖L ≤ ‖e1τ‖L + ‖e2τ‖L
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Example 7.9

H1 : Hurwitz G(s)

H2 : y2 = ψ(t, e2), ‖ψ(t, y)‖ ≤ γ2‖y‖, ∀ t, ∀ y

H1 is finite-gain L2 stable; L2 gain ≤ supw∈R ‖G(jω)‖

H2 is finite-gain L2 stable; L2 gain ≤ γ2

The feedback connection is finite-gain L2 stable if

γ2 sup
w∈R

‖G(jω)‖ < 1

Nonlinear Control Lecture # 17 Stability of Feedback Systems



Example 7.10

ẋ = f(t, x, v + d1(t)), εż = Az +B[u+ d2(t)], v = Cz

A is a Hurwitz, −CA−1B = I, ε≪ 1, di ∈ L

Model order reduction: ε = 0

v = −CA−1B(u+ d2) = u+ d2

ẋ = f(t, x, u+ d), d = d1 + d2

Disturbance attenuation: Design u = φ(t, x) such that

‖x‖L ≤ γ‖d‖L + β, γ < δ

What happens when u is applied to the actual system?
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ẋ = f(t, x, Cz + d1(t)), εż = Az +B[φ(t, x) + d2(t)]

Assume ḋ2 ∈ L

η = z + A−1B[φ(t, x) + d2(t)]

ẋ = f(t, x, φ(t, x)+d(t)+Cη), εη̇ = Aη+εA−1B[φ̇+ḋ2(t)]

φ̇ =
∂φ

∂t
+
∂φ

∂x
f(t, x, φ(t, x) + d(t) + Cη)

The system can be represented as a feedback connection
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H1 : ẋ = f(t, x, φ(t, x) + e1), y1 = φ̇

H2 : η̇ =
1

ε
Aη + A−1Be2, y2 = −Cη

u1 = d1 + d2 = d, u2 = ḋ2

Assume

∥
∥
∥
∥

∂φ

∂t
+
∂φ

∂x
f(t, x, φ(t, x) + e1)

∥
∥
∥
∥
≤ c1‖x‖+ c2‖e1‖

‖y1‖L ≤ γ1‖e1‖L + β1, γ1 = c1γ + c2, β1 = c1β

‖y2‖L ≤ εγf‖e2‖L + β2
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By the small-gain theorem,

‖e1‖L ≤
1

1− εγ1γf
[‖u1‖L + εγf‖u2‖L + εγfβ1 + β2]

By design
‖x‖L ≤ γ‖e1‖L + β

Hence

‖x‖L ≤
γ

1− εγ1γf
[‖d‖L + εγf‖ḋ2‖L + εγfβ1 + β2] + β

︸ ︷︷ ︸

→γ‖d‖L+β+γβ2 as ε→0
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