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Popov Criterion

✲ ❢ ✲ G(s) ✲

✛ψ(·)

✻

+

−

ẋ = Ax+Bu, y = Cx

(A,B) controllable, (A,C) observable

ui = −ψi(yi), ψi ∈ [0, ki], 1 ≤ i ≤ m, (0 < ki ≤ ∞)

G(s) = C(sI −A)−1B

Γ = diag(γ1, . . . , γm), M = diag(1/k1, · · · , 1/km)
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Theorem 7.10

The system is absolutely stable if for 1 ≤ i ≤ m,

ψi ∈ [0, ki], 0 < ki ≤ ∞

and there is γi ≥ 0, with (1 + λkγi) 6= 0 for every eigenvalue
λk of A, such that

M + (I + sΓ)G(s) is SPR

If the sector condition ψi ∈ [0, ki] is satisfied only on a set
Y ⊂ Rm, then the system is absolutely stable with finite
domain
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Proof

✲ ✐ ✲ G(s) ✲ (I + sΓ) ✲ ✐ ✲

✲ M

❄

✛✐✛(I + sΓ)−1✛ψ(·)

✻

M

✻

H̃1

H̃2

+

−

+

+

+

+
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H̃1:

M + (I + sΓ)G(s)

= M + (I + sΓ)C(sI − A)−1B

= M + C(sI − A)−1B + ΓCs(sI − A)−1B

= M + C(sI − A)−1B + ΓC(sI − A+ A)(sI − A)−1B

= (C + ΓCA)(sI − A)−1B +M + ΓCB

= C(sI −A)−1B +D

A = A, B = B, C = C + ΓCA, D =M + ΓCB

Avk = λkvk

(C + ΓCA)vk = (C + ΓCλk)vk = (I + λkΓ)Cvk
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(1 + λkγi) 6= 0 ⇒ (A, C) observable
If M + (I + sΓ)G(s) is SPR, by the KYP lemma, there are
P = P T > 0, L, and W , and ε > 0 that satisfy

PA+ ATP = −LTL− εP

PB = (C + ΓCA)T − LTW

W TW = 2M + ΓCB +BTCTΓ

and V1 =
1

2
xTPx is a storage function for H̃1
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H̃2 consists of m decoupled components:

γiẏi = −yi +
1

ki
ψi(yi) + ẽ2i, ỹ2i = ψi(yi)

V2i = γi

∫ yi

0

ψi(σ) dσ

V̇2i = γiψi(yi)ẏi = ψi(yi)
[

−yi + 1

ki
ψi(yi) + ẽ2i

]

= y2ie2i +
1

ki
ψi(yi) [ψi(yi)− kiyi]

ψi ∈ [0, ki] ⇒ ψi(ψi − kiyi) ≤ 0 ⇒ V̇2i ≤ y2ie2i

H̃2 is passive with the storage function

V2 =

m
∑

i=1

γi

∫ yi

0

ψi(σ) dσ
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Use V = 1

2
xTPx+

m
∑

i=1

γi

∫ yi

0

ψi(σ) dσ

as a Lyapunov function candidate for the original feedback
connection

ẋ = Ax+Bu, y = Cx, u = −ψ(y)

V̇ = 1

2
xTP ẋ+ 1

2
ẋTPx+ ψT (y)Γẏ

= 1

2
xT (PA+ ATP )x+ xTPBu
+ ψT (y)ΓC(Ax+Bu)

= − 1

2
xTLTLx− 1

2
εxTPx

+ xT (CT + ATCTΓ− LTW )u
+ ψT (y)ΓCAx+ ψT (y)ΓCBu
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V̇ = − 1

2
εxTPx− 1

2
(Lx+Wu)T (Lx+Wu)

− ψ(y)T [y −Mψ(y)]
≤ − 1

2
εxTPx− ψ(y)T [y −Mψ(y)]

ψi ∈ [0, ki] ⇒ ψ(y)T [y −Mψ(y)] ≥ 0 ⇒ V̇ ≤ −1

2
εxTPx

The origin is globally asymptotically stable
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Scalar case
1

k
+ (1 + sγ)G(s)

is SPR if G(s) is Hurwitz and

1

k
+ Re[G(jω)]− γωIm[G(jω)] > 0, ∀ ω ∈ [0,∞)

If

lim
ω→∞

{

1

k
+ Re[G(jω)]− γωIm[G(jω)]

}

= 0

we also need

lim
ω→∞

ω2

{

1

k
+ Re[G(jω)]− γωIm[G(jω)]

}

> 0
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1

k
+ Re[G(jω)]− γωIm[G(jω)] > 0, ∀ ω ∈ [0,∞)

Re[G(j  )]ω

Im[G(j  )]ω ω

−1/k

slope = 1/γ

Popov Plot
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Example

ẋ1 = x2, ẋ2 = −x2 − h(y), y = x1

ẋ2 = −αx1 − x2 − h(y) + αx1, α > 0

G(s) =
1

s2 + s+ α
, ψ(y) = h(y)− αy

h ∈ [α, β] ⇒ ψ ∈ [0, k] (k = β − α > 0)

γ > 1 ⇒ α− ω2 + γω2

(α− ω2)2 + ω2
> 0, ∀ ω ∈ [0,∞)

and lim
ω→∞

ω2(α− ω2 + γω2)

(α− ω2)2 + ω2
= γ − 1 > 0
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The system is absolutely stable for ψ ∈ [0,∞] (h ∈ [α,∞])
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Compare with the circle criterion (γ = 0)

1

k
+

α− ω2

(α− ω2)2 + ω2
> 0, ∀ ω ∈ [0,∞], for k < 1 + 2

√
α
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