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Popov Criterion

t=Ax+ Bu, y=Cxr
(A, B) controllable, (A, C') observable
uip=—vi(yi), ¥ €0k, 1<i<m, (0<k<o0)

G(s)=C(s[—A)'B

F:diag(717-~-77m)7 M:dlag(l/kh al/km)
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Theorem 7.10

The system is absolutely stable if for 1 <7 < m,
¢¢€[0,ki], 0<k <o

and there is v; > 0, with (1 4+ A\yy;) # O for every eigenvalue
A, of A, such that

M + (I +sI')G(s) is SPR

If the sector condition ©; € [0, k;] is satisfied only on a set
Y C R™, then the system is absolutely stable with finite
domain
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|
H:
M + (I +sI)G(s)
= M+ ({I+sT)C(sI — A)7'B
= M+C(sI—A)'B+TCs(sI — A)™'B
= M+C(sI—-A)T'B+TC(sI— A+ A)(sI - A)'B
= (C+TCA)(sI—A)'B+M+TCB
= C(sI-A)'B+D

A=A, B=B, C=C+TICA, D=M+TICB

Avk = )\kvk

(O aF FCA)’Uk = (C I FC)\k)Uk = (I = )\kF)Cvk
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(1+X7y) #0 = (A,C) observable

If M + (I + sT")G(s) is SPR, by the KYP lemma, there are
P=P' >0, L, and W, and € > 0 that satisfy

PA+ AP = —ITL—¢P
PB = (C+TCA)T - L™W
WT'w = 2M +TCB+ BTC'T

and V; = 127 Px is a storage function for [,
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|
H, consists of m decoupled components:

) 1 . .
YiY% = —Yi + E%(yz) + €2, Yoi = Vi(yi)

Yi
Vai =1 Yi(o) do
0

Vo = Y (Y ) = i(yi) [—yﬂr k%ll)z'(yi) +ézz']
= yoieai T - 0i(yi) [Wiys) — kiyil

Y €[0,k] = Y — ki) <0 = Vi < yoiens

H, is passive with the storage function

_ iyii d
Vs ;v/o Yi(0) do
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Use V=1"Pr+ Z Y wz( ) do
=1 0
as a Lyapunov function candidate for the original feedback
connection

t=Ax+ Bu, y=Czx, u=—¢(y)

V = %xiPx' + 14T P + T (y)Iy

22T(PA+ ATP)x + 2T PBu

+ T (y)TC(Ax + Bu)

— %xTLTLx — %EJZTP:E
zT(CT + ATCTT — L™W)u

+ T (y)I'C Az + T (y)[CBu
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V = —iexTPr— Lz +Wu)T(Lz + W)
—(y)" [y — Mip(y)]
< — s Pz —(y)T [y — My (y)]

Ui € [0,k] = ¥()Tly— Mi(y)] >0 = V< —jea’ Pa

The origin is globally asymptotically stable

Nonlinear Control Lecture # 19 Stability of Feedback Systems



Scalar case

% + (14 s7)G(s)

is SPR if G(s) is Hurwitz and

£+ RelG(jw)] — 7 mlG(jw)] > 0, ¥ w € [0, 00)

1
lim {E + Re[G(jw)] — ywlm[G(jw)]} =0
we also need

lim o2 {% + RelG(jw)] — wlm[G(jw)]} -0

w—o0
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% + Re[G(jw)] — ywIm|[G(jw)] > 0, YV w € [0,00)

slope = 1ly wIM[G(jW]

—1/k Re[G(jw)]

Popov Plot
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N

T1 = Ty, Ty = —Ty— h(y), y=1x1
Ty = —axy —x2— h(y)+azx;, a>0

1

G(s) = Trsta Y(y) = h(y) —ay

hela,B] = v el0k] (k=8—-—a>0)

a— w? + yw?

>1 == —
v (0 — w?)? 4+ w?

>0, Vwe]l0,o00)

w?(a — w? + yw?)

and lim

=v—1>0
w—00 (a—w2)2+w2 i
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The system is absolutely stable for ¢ € [0, 0] (h € [, o0])

0.2 wimG slope=1

Re G
-0.2

-0.4
-0.6
-0.8

Compare with the circle criterion (7 = 0)

1 a— w?
E+m>07 VWG[0,00], fork<1+2\/a
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