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T = filz1,22) = fi(w)
Ty = folxr,22) = fo(x)

Let z(t) = (x1(t), x2(t)) be a solution that starts at initial
state xg = (219, %20). The locus in the x1—z5 plane of the
solution x(t) for all t > 0 is a curve that passes through the
point xg. This curve is called a trajectory or orbit

The x1—x5 plane is called the state plane or phase plane
The family of all trajectories is called the phase portrait
The vector field f(x) = (fi(z), fo(z)) is tangent to the
trajectory at point x because

dry _ fo(x)
dzy fi(z)
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-
Vector Field diagram

Represent f(x) as a vector based at z; that is, assign to x the
directed line segment from x to = + f(z)

X2

x

Repeat at every point in a grid covering the plane
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Numerical Construction of the Phase Portrait

m Select a bounding box in the state plane

m Select an initial point xg and calculate the trajectory
through it by solving

= f(z), x(0)=umx

in forward time (with positive ¢) and in reverse time (with
negative t)

@ =—f(r), (0)=m
m Repeat the process interactively

m Use Simulink or pplane
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Qualitative Behavior of Linear Systems

T =Ax, Aisa 2 x 2 real matrix

z(t) = M exp(J.t) M xg

When A has distinct eigenvalues,
i )\1 0 (0] —B
=B n] e 57
x(t) = M=z(t)
zZ=J.z(t)
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Case 1. Both eigenvalues are real:
M = [Ul,Ug]

v1 & vy are the real eigenvectors associated with \; & A,

= )\1217 Zo = Aoy
Zl(t) = ZloeAlt, Zg(t) = 2206)\2t
22 = 021\2//\17 c= 220/(210)/\2//\1

The shape of the phase portrait depends on the signs of ),
and
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A< A1 <0
et and e*?? tend to zero as t — oo
e*?t tends to zero faster than e’

Call g the fast eigenvalue (v the fast eigenvector) and \; the
slow eigenvalue (v; the slow eigenvector)

The trajectory tends to the origin along the curve z, = czf‘Q/)‘1

with )\2/)\1 > 1
dzy _ A2 [0e/an)-1)

le )\1 !
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Stable Node
A >N >0

Reverse arrowheads = Unstable Node
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Ay <0< N

6)\1t Aot

— 00, while e*?* — 0 as t — 00

Call A, the stable eigenvalue (v the stable eigenvector) and
A1 the unstable eigenvalue (v; the unstable eigenvector)

22 A A <0

Z9 = C

Saddle
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Phase Portrait of a Saddle Point
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Case 2. Complex eigenvalues: A\ = a £ jf3

21 = 21 — ,622, 22 = ,621 + (6%

2
r=1/22+ 22 6 = tan™! (z—2)
1

r(t) =roe® and O(t) =6, + Bt
a<0 = r(t)—0ast— oo
a>0 = r()—>oco0ast— oo

a=0 = rt)=r Vvt
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Effect of Perturbations

A— A+5A  (0A arbitrarily small)

The eigenvalues of a matrix depend continuously on its
parameters

A node (with distinct eigenvalues), a saddle or a focus is
structurally stable because the qualitative behavior remains
the same under arbitrarily small perturbations in A

A center is not structurally stable

w1 : B .
[ Sl } , Eigenvalues = 4 5

<0 = Stable Focus, p >0 = Unstable Focus
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Qualitative Behavior Near Equilibrium Points

The qualitative behavior of a nonlinear system near an
equilibrium point can take one of the patterns we have seen
with linear systems. Correspondingly the equilibrium points are
classified as stable node, unstable node, saddle, stable focus,
unstable focus, or center

Can we determine the type of the equilibrium point of a
nonlinear system by linearization?
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-
Let p = (p1, p2) be an equilibrium point of the system
&1 = fi(x1, 22), Ty = fo(21, T2)

where f; and f5 are continuously differentiable
Expand f; and fs in Taylor series about (p1, p2)

1 = filp1,p2) + ann(z1 — p1) + arp(xe — po) + HO.T.
oy = fa(p1,p2) + ax(x1 — p1) + ag(xs —po) + HO.T.

~ Ofi(wy, 9) _ Ofi(wr, 79)

a1l = — a2 = —x
le z:p’ (91'2 z=p

Qo — af2($1,$2) Qo — (9f2($1,932)
21 7(%1 — ) 22 783:2 -
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fi(p1,p2) = fa(p1,p2) =0

Y =21 —n1 Y2 = Tg — P2

yl = 1.'1 = a11y1+a12y2+H.O.T.
?)2 = j72 = a21y1+a22y2+H.O.T.

y= Ay
oh  Ofi
aix  aig ox1  Ox9 8f
A = e _ 2
of  Of Or|,_,
G21 (22 D01 0o v—p
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Eigenvalues of A | Type of equilibrium point
of the nonlinear system
A< A <0 Stable Node
Ay > A >0 Unstable Node
A <0< Ny Saddle
atjp, a<0 Stable Focus
atjp, a>0 Unstable Focus
+56 Linearization Fails
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Example 2.1

iy = —x9— pxi(2] + 23)

Ty = @1 — paa(af + x3)
x = 0 is an equilibrium point

of _ | —nu(Bat+a3) —(1+2um12,)
O | (1—2pumzs)  —p(a? + 323)

_[o —1]
- 1 0

r1 =rcosf and zo =rsinf = r = —/M“g and 0 = 1

_of

A_(?:c

Stable focus when p > 0 and Unstable focus when 1 < 0
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For a saddle point, we can use linearization to generate the
stable and unstable trajectories

Let the eigenvalues of the linearization be A\; > 0 > A\, and
the corresponding eigenvectors be v; and v,

The stable and unstable trajectories will be tangent to the
stable and unstable eigenvectors, respectively, as they
approach the equilibrium point p

For the unstable trajectories use zo = p + awv;
For the stable trajectories use o = p + awvs

« is a small positive number
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