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Normal Form

Relative Degree

&= f(r)+g(@)u,  y=h()

where f, g, and h are sufficiently smooth in a domain D
f:D— R"and g: D — R" are called vector fields on D

§= SU1F) + o)l & Lh(a) + Lyh(a) w

Lih(@) = 2 ()

is the Lie Derivative of h with respect to f or along f
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9(Lysh)

LyLgh(z) = =22 g(a)

L2h(z) = LyLsh(z) = a(gih)f(x)
) - O(Ly'h)
Lyh(x) = Ly Ly~ h(x) = ———f(x)

L?h(x) = h(x)
y = Lsh(z) + Lyh(x) u
Lyh(z) =0 = y= Lsh(x)

y® = () + gla)u] = L3h() + LyLyh(e) u
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LyLih(z) =0 = y®& = L3h(z)
y® = Lj’ch(x) + LgL?ch(x) u
Lyl 'h(z) =0, i=1,2,...,p=1;  LyLi 'h(zx) #0

Y = Lih(x) + Lyl 'h(z) u
Definition 8.1
The system

&= f(z)+g(x)u, y=nh(z)
has relative degree p, 1 <p<n,inRCDifVzeR

Lyl h(z) =0, i=1,2,...,p—1; LyLi 'h(z) #0
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Example 8.1

Controlled van der Pol equation
T = xafe, Zo=e[—x1 + T3 — %Ig +u], y=u
Y= =axafe, §=ds/e=—T1+22— 375 +u
Relative degree two over RR?
T = xafe, Zo=e[—x1 + T3 — %x; +ul, y=ux
J = ¢e[—a1 4+ 22 — 323 + u], Relative degree one over R?
iy =aafe, do=c[—a1+m—iz)+u), y=3(2]+23)
§ = 21131 + Tody = €73 — (€/3)73 + eTu

Relative degree one in {z2 # 0}
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Example 8.2 (Field-controlled DC motor)

1 = di(—x1 —zox3+ V)
Ty = da[—fe(z2) +1
T3 = ds(x1m9 — bx3)
Yy = I3
Y = i3 = d3(v172 — br3)
i = ds(x129 + T109 — biz) = (- -+ ) + dadsz1u0
Relative degree two in {z; # 0}
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-
Example 8.3

bmSm = bm,1$m71 SFoooR bo
S"+ a8 4+ ag

H(s) =

i = Ax + Bu, y=Cx

[ 0 1 0 0 0
0 0 1 0 0
A = , B=
0
0 0 1 0
L —G0 —a1 —Qm —Qp-1 L 1]
Cc = [ bo by . 0 0 ]
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y=CAr+CBu, lfm=n—-1, CB=b,1#0 = p=1

CAT'B=0,i=1,....n—m—1, CA"™ 'B=b,#0
Y™ = CA" "z + CA"™'Bu = p=n-m

u +-_e 1 Y
N Q(s)
w1l R(s)
N(s)
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State model of 1/Q(s): & = col (y,9,...,y" V)

€ = (A + BA)E + B.bpe, y=C.¢

0 1 0 0 0
0 1 0 0

A, = ‘|, B.= ,Ce=[1 0 0 0]
0 1 0
0 0 0 1

State model of R(s)/N(s)

n = Aon + By, w = Cyn
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State model of H(s)

n = A+ BoC
5 - Acg + Bc(/\Tg - meOTI + bmu)
Yy = ch

The eigenvalues of Ag are the zeros of H(s)
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Change of variables:

¢1()

bn_p()

h(x)

| Ly () ]

¢1 to ¢,,_, are chosen such that 7'(x) is a diffeomorphism on

a domain D, C R

When p =n,
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i = S20(e) +gah] = folnn)+ ol Ehu
& = &1, 1<i<p-—1
Ep = Lih(x)+ LQL?_lh(iﬂ) u
y = &
Choose ¢(x) such that T'(x) is a diffeomorphism and

dp;
ox

g(x)=0, for1<i<n—p, Yz eD,

Always possible (at least locally)

77 = f0(777€)
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Theorem 8.1

Suppose the system
&= f(x) +g(@)u,  y=h(z)

has relative degree p (< n) in R. If p = n, then for every
o € R, a neighborhood N of z( exists such that the map
T(z) = 1(x), restricted to N, is a diffeomorphism on N. If
p < n, then, for every xy € R, a neighborhood N of xy and

smooth functions ¢1(x), ..., ¢,_,(x) exist such that
gﬁig(x)zo, for1<i<n—p

is satisfied for all z € N and the map T'(z) = [
restricted to NV, is a diffeomorphism on N

Nonlinear Control Lecture # 20 Special nonlinear Forms



Normal Form: n = fo(n§)
& = &G, 1<i<p-1
§ = Lih(x)+ LgL?_lh(x) u

y = &
0 1 0 .0 [0 ]
0 0 1 0 0
AC: B 7BC:
: 0 1 0
0 0 0| 1]
Cc=1[10 0 0]
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U fo(m,€)
§ = AL+ B, [L5h(x) + L,L5  h(z) u]
y = Ccé

V(0,€) = Lih(a)] oy 700,€) = Lol @),y

£ = AL+ Bb(n,€) +7(n, &)yl

If 2* is an open-loop equilibrium point at which y = 0; i.e.,
f(z*) =0 and h(z*) =0, then ¥(z*) = 0. Take ¢(z*) =0 so
that z = 0 is an open-loop equilibrium point.
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Zero Dynamics

Tl] = fo(% 5)
§ = A+ B [L5h(z) + LyL)  h(z) u]
y = ch

Lih(z(t))

yt)=0 = &) =0 = “(t)z_m
9=f t

= 77 = fO(UaO)

Definition

The equation 1 = fo(n,0) is called the zero dynamics of the
system. The system is said to be minimum phase if the zero
dynamics have an asymptotically stable equilibrium point in
the domain of interest (at the origin if 7'(0) = 0)
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N
Z*={zeR|hx)=Lsh(zx)="---= L;_lh(a:) =0}
yt)=0 = z(t)e 27

N def L?h(ﬂf)
RO oy 7
9=f

reZ*
The restricted motion of the system is described by

Lh() ]

&= frz) = [f(:c)— () —25—
L h@) |
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Example 8.4

x'lsz/& .I.'2:€[—I1+.T2—%[E%—}—u]7 Y = To
. . . . 1 3 _
Yy=2y=¢[-z1+x2 —325+u] = p=1
The system is in the normal form with n =z, and £ = x,

Non-minimum phase
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Example 8.5

24123 .

T U, T2 =1T3, T3 =T1T3+U, Y= T2
3

Y =2To =13

jj:i‘gixll';g—f—u = p:2
Z*:{CCQI.Tg:O}
. .

u=u"(r)=0 = i;=-x

Minimum phase
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|
Find ¢(z) such that
+CU3
60 =0, SLg@)=| 2, 2 || o |=0

and T(x)=[¢(x) x2 a3 }T

is a diffeomorphism
0p 2+ a3 N 19L0)
81'1 1+ 1’% 8$3

=0

¢(x) = £; — 23 — tan™" x5
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G5 — 8 — AT o7
T(l’) = i) . % =

1
0
I3 0

S = O

*
0
1
T(x) is a global diffeomorphism
. _ 2+ &3
o= —@+&+mn%90+——§&)

1+&2
b = &
& = (n+&+tan ' &) b +u
y = &
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