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Controller Form

A nonlinear system is in the controller form if
i = Az + Bl (x) +1(2)u]

where (A, B) is controllable and () is a nonsingular matrix
for all z in the domain of interest

u=~y"Yz)[-v(x)+v] = i=Ar+ B

Any system that can be represented in the controller form is
said to be feedback linearizable
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Example 8.7 (m-link robot)

M(q)i+ C(q,4)d + Dg+ g(q) = u

q is an m~dimensional vector of joint positions and M (q) is a
nonsingular inertial matrix

] a-[3 %] =-[2]

p=-M(Ci+Di+g), y=M"
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An n-dimensional single-input system

&= [f(z) +g(x)u

is transformable into the controller form if and only if 3 h(x)
such that

&= flx) +g(x)u,  y=h(z)
has relative degree n
Search for a smooth function h(z) such that

Lyl h(z) =0, i=1,2,...,n—1, and L,L} ‘h(z)#0

T(x) =col ( h(z), Lgh(x), --- Ly 'h(z))
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The Lie Bracket: For two vector fields f and g, the Lie bracket
[f,g] is a third vector field defined by

1.6)0) = 2 1) ~ L gt
Notation:
adyg(z) = g(x),  adgg(x) = [f, g](x)
adlj‘ég(x) =, ad];_lg](x), k>1
Properties:
u [fug] - _[guf]

m For constant vector fields f and ¢, [f,g] =0
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Example 8.8
. i) . 0
f[—sinxl—@}’g{xl]

EU S o N i o I B

adfg—[f,g]—{ ! ]

T + X2
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. X2 . —I1
f= { —sinz; — 29 ]’ ] = |:IE1+.’L’2:|

ad}g = [f, adgg]

. -1 0 i)
o 11 —sinzy — zy

_ 0 1 — I
—cosz; —1 T1 + T

. —T1 — 2.’132
Ty + X9 — Sinx; — T COS Ty
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Example 8.9

f(z) = Az, g is a constant vector field

adrg = [f, 9] = —Ag, adig = [f,adsg] = —A(—Ag) = A%g
adpg = (=1)* A%

Distribution: For vector fields fi, fo, ..., fr on D C R", let

A(x) = span{ f1(2), fa(x), ..., ful(2)}

The collection of all vector spaces A(zx) for x € D is called a
distribution and referred to by

A :Span{f17f27"'7fk}
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If dim(A(z)) =k for all z € D, we say that A is a
nonsingular distribution on D, generated by fi, ..., fx

A distribution A is involutive if
g1 €A and ga €A = [g1,02] €A

If A is a nonsingular distribution, generated by
fi, ..., fr, then it is involutive if and only if

ffl€A, Y1<ij<k
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-
Example 8.10

D = R3;, A = span{ fi, f2}

2$2 1
flzl 1 ], f2=[0], dim(A(z)) =2, Yz €D

0 )
o= g2 g
DR e T g P 1

rank [fi(2), f2(x), [f1, fo](z)] =

2.’1)2 1 0
rank 1 0 0] =3 VxeD
0 T2 1

A is not involutive
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Example 8.11
D ={z e R| a2 +a3 £ 0} A = span{ fu, fo)

21‘3 —X
fi=| -1 |, fo=| 222 |, dim(A(x)) =2, Vx €D
0 T3
—4.’153
[f1, fo] = 8f2 1= % p = 2
v 0
21‘3 —x —4]73
rank [ —1 —2x9 2 =2, VYzeD
0 xT3 0

A is involutive
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Theorem 8.2

The n-dimensional single-input system

&= f(z) + g(x)u

is feedback linearizable in a neighborhood of xy € D if and
only if there is a domain D, C D, with x5 € D,, such that
the matrix G(z) = [g(2), adsg(x), . .. ,ad?‘lg(aﬁ)] has
rank n for all z € D,;
the distribution D = span {g, ad;g, . . .,ad?_zg} is
involutive in D,,.
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Example 8.12
.| asinx 0
=[5 [+ 1]

adgg = [f, 9] = — %gz { _acgw }

l9(a), adsg(@)] = [ 0 —acosz, }

rank[g(z), adsg(x)] = 2, V x such that coszy # 0
span{g} is involutive

Find h such that L,h(x) =0, and LyLsh(x)# 0
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oh oh
—g=——=0 = hisindependent of s
ox 0xo
Lih(z) = g—jla sin o
I(Lsh d(Lsh Oh
LyLysh(z) = (8; )gz (8;2 ) _ B, 1082

LyLih(z) #0in Dy = {z € R?*|cosxy # 0} i fazl 70

Take h(z) =21 = T(z) = {Lifh} { o }

a sin Ty
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Example 8.13 (A single link manipulator with flexible joints)

To 0
f(z) = —asin ;4b(x1 — z3) ’ g = 8
c(xy — x3) d
0
adsg = [f,g] = — %g = _Od
0
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0
of bd
2
adyg = [f,adsg] = — 3.049=|
L _Cd -
—bd ]|
of 0
fg - [f> Cld ] %adfg - cd
. O -
0 0 0 —bd
0 0 bd 0
rank 0 -d 0 cd 4
d 0 —cd O
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|
span(g,adfg,ad?cg) is involutive Why?

The system is feedback linearizable. Find h(x) such that

AL 'h d(L3h
OZ; k) )g:(], i=1,23 2N
Oz Oz

g#0, n0)=0

—9=20 0

Bz ~ i

oh oh _ oh
Lih(x) = a—xlxz + 8—@[—& sinxy; — b(x; — x3)] + 8—%‘%4

I(Lysh) O(L¢h) oh

2 g=0=> Y 0 = =0
ox 4 81'4 8x3
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|
oh oh :
L¢h(z) = 5. 22 + 87[_& sinz; — b(xy — x3)]
1 2
O(Lsh) | O(Lyh)

%)
833'1 (9.(132

O(L3h) A(Lsh) oh
grn 0 T T ) T,

8(L}°’ch)
ox

O(Lysh)

2 —
Lih(z) = o,

[—asinx—b(x1—x3)]+ T4

0

940 & 2 2g
81’1

I
o)
—asinz; — b(x; — x3)
—awy cos 1 — b(xy — xy)

hz) =z, T(x) =
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Example 8.14 ( Field-Controlled DC Motor)

dl(—l'l — ToX3 + Va) 0
f= —dy fe(x2) c G = @y , I E C* for xy € J

d3(l‘11‘2 - bl‘g) 0
dldgl‘g
adrg = | d3fi(z2)
—dgdgl'l

dldgl‘g(dl + deé(l‘Q) — bdg)

adjg = d3(fe(2))? — d5 fo(@a) I (2)

dldgdg(l‘l — ‘/a) — d%dgl‘lfé(.%‘g) — bdgdgl‘l
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|
det G = —2d3d3dsxs(zy — a)(1 — bds/d,)
a = %‘/;1/(1 = bdg/dl) >0

x1#aand x3 #0 = rank(G) =3

[9,adsg] = d5f!(72)g = span{g,adsg} is involutive

The conditions of Theorem 8.2 are satisfied in the domain
D, ={z; >a, zy € J, 3> 0}

Find h(z) such that

oh oLih) . O(L3h)
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I ——
oh oh

Py=0 = 2 =g
(937!] = aZEQ
oh oh
L¢h(z) = a—xldl(_l'l — Tox3 + V) + a—xgdg(xlmz — bx3)
o(Lsh) a(Lsh) Oh oh
Oz g=0 = By =0 = dix3 o + d3xq o =0

Take h = ds2? + dlxg +c
Lyh(z) = 2dydsz1 (V, — 71) — 2bd1d373
Lih(z) = 2d7ds(V,—221 ) (—a1 — @223+ V,) —4bdy d5a5 (21 02— bs)
o(Lth) ; O(L%h)

oy 9=t — = Ad3dads(1 — bds/dy)xs(z1 — a) #0
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