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Observer Form

A nonlinear system is in the observer form if
t=Azx+¢Y(y,u), y=Czx
where (A, C) is observable

Observer:

T=(A—-HC)i
Design H such that (A — HC') is Hurwitz



Example 8.15 (A single link manipulator with flexible joints)

i) 0
.| —asinzy —b(xy — x3) 0 B
T = o + 0 u, Yy=1mx
c(xy — x3) d
T =Az+Y(u,y), y=Cx
0O 1 0 O 0
| -6 0 b 0 | —asiny
A= 0O 0 0 1|’ Y= 0
c 0 — O du
C = [ 10 ... 00 ] , (A, C) is observable
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Example 8.16 (Inverted pendulum)

T1 =19, @g=a(sinz +ucoszy), y=um

t=Az+¢Y(u,y), y=Cx

0 1 L
A:{O 0}7 ¢:{a(siny+UCOSy)}

C=[1 0]
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) + Zgz-(fc)uz-, y = h(z)

Is there z = T'(x) such that

Z2=Az+ oy +Z% g, y=C.z

01 0 ... 0
0 0 1 0
Ac=| ¢ , C.=[10 0 0]
: 0 1
| 0 0 0|
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CARE
B(z) f E(93) _ y
L?_lh(x) yn b

Z9 + Fl(Zl)

Zn + Fn—l(Zh ey Zn—l)
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9 _owor-
0z  Or 0z
[ 0o --- 0]
- 1 0 0
0% _ .
0z :
* 0
L 1 -
—must be nonsingular
ox
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L Lih(z) =0, 0<k<n—2, L. L} 'hz)=1

Equivalently

Ladk h( ) - O, O S k S n — 2, Lad?71 h(l‘) - (_1)”71

Define 7, = (—1)"’kad"’k7', 1<k<n

or
%[Tl T2
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-0
0
a—TTk = e def 1 < kth row
o0x 0
[ 0
o) A o1 OT .
e, = (—1) k% ad Fro = (=1 kg[f,adf R
of

= ( )n k[f( ) ( )n i 1€k+1] = aelﬁ-l
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O =
=)
o

of
0z

o O
=

By integration

f(z) = Acz + ¢(21)
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. oh  OnoT!
_ -1 -
or—1
az — [ T T2 Tn Lc:T*l(z)
ail _1\n—1 _1\n—2 .
& - |: ( 1) Lad?717h7 ( 1) Lad?727h7 LTh’
oh
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e
Theorem 8.3

An n-dimensional single-output (SO) systems
&= f(z), y=nh(z)

is transformable into the observer form if and only if there is a
domain Dy such that Vx € D

0P o
rank [%(x)] =n, @zcol(h, L¢h, -+ L} 1h)

and the unique vector field solution 7 of

0P
E%T:@ b=col (0, --- 0, 1)

satisfies  [ad’,, adjf'T] =0, 0<i,j<n-—1
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= f(z)+ Zgi(f)ui, y = h(z)
i=1
_— oT _
When will g;(z) = ——gi(z) be independent of 2, to z,?
Ox 2=T-1(2)
or n—k—1 ~ n—k—1 n—k agz
%[g“adf T] = [927 (_1) €k+1] = (—1) %
892 —0 < [g adn—k—l,r] =0
0211 i, Ay
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Corollary 8.1

Suppose the assumptions of Theorem 8.3 are satisfied. Then,
the change of variables z = T'(x) transforms the system into
the observer form if and only if

[gi,ad’]if]:o,, for0<k<n—2and 1<i<m

Moreover, if for some i the foregoing condition is strengthened

to
[gi,ad’;r]:()” for0<k<n-1

then the vector field ; is constant
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Example 8.17

0P 1 0 )

a_{g_ﬁi 1], rank{a(x)}—l Vo
oo [0 10
%T 1 = T = 1
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of x 1 0 1
ar=tr==gir=={ 1 g ][ 1] --[ 2]
d(ad;T) 0 0 0
[T,(Ldfﬂ :7&; T = — [ 63?5212 %2_;%2 1

2
[T,adf7] =0 & % =0 & fa(x) = Pa(x1) + x2f3(21)
2

[9,7] =0 (g and 7 are constant vector fields)

0 0 b .. 0B
[g,adfﬂ—[ 983 O] [b;}—Olfa—xj’—Oorbl—O

— ax]
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ory
oz

o
oz

or,
(9.772

o1y

and — =1 = Ti=n

(91:1
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0T, 0T,
_— = 1 e u— ==
81‘2 and 8901 * 53(331) 0

= Ty(z) =x9 — /Oxl Bs(0) do

z=Az+9(y) +1(yu, y=0Cz

A:{Ol], c

I
L—

—_

o
| I

00

o= e 1=l nn
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Special Case: SISO system
&= f(z)+g(z)u, y=h(z)
Suppose the assumptions of Corollary 8.1 hold with
[g,ad’}T]:O,, for0<k<n-1

z=T(x) — 2= Acz+ ¢(y) + u, y=C.z

T
Reldeg=p < 7v=1[0, ..., 0, % ooy W] 7 #0

Minimum Phase < 7,8"77 + -+ 4+ v,_15 + 7, Hurwitz
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