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Basic Concepts
We want to stabilize the system
= f(z,u)
at the equilibrium point z = x

Steady-State Problem: Find steady-state control ug s.t.
0= f(xssa Uss)
Ty =T — g, Us = U — Usgs

. def
&5 = fZes + Ts, Uss + us) = [f5(z5, us)

£5(0,0) =0

Us = ¢($5) = U= Ug + ¢($ - xss)
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State Feedback Stabilization: Given

&= f(z,u) [£(0,0) =0]
find
w= () #(0) =
s.t. the origin is an asymptotically stable equilibrium point of
@ = f(z,¢(z))

f and ¢ are locally Lipschitz functions
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Notions of Stabilization

jj:f(‘%“)? u:¢(x)

Local Stabilization: The origin of & = f(x, ¢(z)) is
asymptotically stable (e.g., linearization)

Regional Stabilization: The origin of & = f(x, ¢(x)) is
asymptotically stable and a given region G is a subset of the
region of attraction (for all z(0) € G, lim; . z(t) = 0) (e.g.,
G C Q. ={V(x) < c} where Q. is an estimate of the region
of attraction)

Global Stabilization: The origin of & = f(x, ¢(x)) is globally
asymptotically stable
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Semiglobal Stabilization: The origin of & = f(xz, ¢(z)) is
asymptotically stable and ¢(x) can be designed such that any
given compact set (no matter how large) can be included in
the region of attraction (Typically u = ¢,(z) is dependent on a
parameter p such that for any compact set (G, p can be chosen
to ensure that GG is a subset of the region of attraction )

What is the difference between global stabilization and
semiglobal stabilization?

Nonlinear Control Lecture # 23 State Feedback Stabilization



Example 9.1

t=z4u
Linearization:

T = u, u=—kx, k>0

Closed-loop system:

i = —kz + 22
Linearization of the closed-loop system yields £ = —kxz. Thus,
u = —kx achieves local stabilization

The region of attraction is {z < k}. Thus, for any set
{—a < x < b} with b < k, the control u = —kx achieves
regional stabilization
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|
The control u = —kx does not achieve global stabilization

But it achieves semiglobal stabilization because any compact
set {|x| < r} can be included in the region of attraction by
choosing k > r

The control

u=—x%—kx

achieves global stabilization because it yields the linear
closed-loop system & = —kx whose origin is globally
exponentially stable
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Linear Systems
= Az + Bu

(A, B) is stabilizable (controllable or every uncontrollable
eigenvalue has a negative real part)

Find K such that (A — BK) is Hurwitz

u=—Kzx

Typical methods:

m Eigenvalue Placement
m Eigenvalue-Eigenvector Placement

m LQR
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Linearization
T = f(x,u)
f(0,0) =0 and f is continuously differentiable in a domain
D, x D, that contains the origin (z =0, v =0) (D, C R,
D, C R™)
= Azr + Bu

0 0
a=Pew =Y

r=0,u=0 x=0,u=0
Assume (A, B) is stabilizable. Design a matrix K such that
(A — BK) is Hurwitz

u=—Kzx
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Closed-loop system:

= f(x,—Kx)
Linearization:
0 0
= 8—£(x, —Kz)+ a—i(x, —Kz) (-K) wzox
= (A— BK)zx

Since (A — BK) is Hurwitz, the origin is an exponentially
stable equilibrium point of the closed-loop system
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Example 9.2 (Pendulum Equation)

6 =—sinf — bl + cu
Stabilize the pendulum at 6 = 6,

0 = —sind; + Cugg

Ty =00, x9 =0, Us = U — Uss

T = @I
&y = —[sin(zy + 61) —sindy] — by + cus
e 0 1 [ o 1
| —cos(z1+61) —b _— | —cosd; —b
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K=[k k]
0 1

A= BEK = [ —(cos 61 + cky) —(b+ cks) ]
k:1>—C0851, k2>—§
@ e

u = 81151 — Kx = 81151 — k1(9 — 51) — ]{729
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Feedback Linearization
Consider the nonlinear system
&= f(z) + G(x)u

f(0)=0, x€R", ueR™

Suppose there is a change of variables z = T'(z), defined for
all x € D C R", that transforms the system into the controller
form

z=Az+ B[(z) + v(x)u)

where (A, B) is controllable and () is nonsingular for all
reD

u=~y"Y(z)[-Y(x) +v] = = Az+ Bv
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v=—-Kz
Design K such that (A — BK) is Hurwitz
The origin z = 0 of the closed-loop system
2= (A— BK)z
is globally exponentially stable
u=7""(z)[~¢(z) - KT(x)]
Closed-loop system in the z-coordinates:

def

&= f(z) + G}y (2)[~¥(2) = KT(2)] = fo(x)
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What can we say about the stability of x = 0 as an equilibrium
point of & = f.(x)?

2= T() = S = (A= BR)T()
Ofc, v .4 _or _
pe 0)=J"(A-BK)J, J= %(O) (nonsingular)

The origin of & = f.(x) is exponentially stable

Is x = 0 globally asymptotically stable? In general No

It is globally asymptotically stable if T'(x) is a global
diffeomorphism

Nonlinear Control Lecture # 23 State Feedback Stabilization



Estimate of the region of attraction: If T'(z) is a
diffeomorphism on a domain D C R", the equation
2 =(A— BK)z is valid in the domain T'(D)

P(A-BK)+(A-BK)"P=-Q, Q=Q">0
Estimate in the z-coordinates:
Q.={z"P2<c} CT(D)
Estimate in the x-coordinates:

T7YQ) = {T"(z)PT () < ¢}
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Example 9.3 (Recall Example 8.12)

T1 = asin xy, x'gz—ac%%—u

. o Ty . z9
#=T0= | i | = 2= [ m )

D = {lzs| <m/2}, T(D) = {|2| < a}

K:[UZ 20},a>0, = MA—-BK)=—0, —0
30 o 20 0 .7 2a>

P—[U 1},@—{0 20],c<|£121|1_na213z—?
T

Q.) = {30%2? + 20ax; sinxy + a*sin® 2, < ¢}
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