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Feedback Lineaization

What information do we need to implement the control

u=7""(z)[~¥(z) - KT(x)] ?
What is the effect of uncertainty in v, v, and 17

Let ¢)(x), 4(z), and T'(z) be nominal models of v (z), v(z),
and T'(x)

u=4" ()= (x) - KT (x)
Closed-loop system:

2= (A— BK)z+ BA(z)
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2= (A— BK)z+ BA(z) (%)

V(z)=2"Pz, P(A—BK)+(A—BK)'P=-I

Suppose (*) is defined in D, C R"

mIf |A(2)|| < k|lz|| V z € D,, k< 1/(2||PB]|), then the
origin of (*) is exponentially stable. It is globally
exponentially stable if D, = R"

m If [A(2)|| <k|z| +0V z € D, and B, C D,, then there
exist positive constants ¢; and ¢, such that if § < ¢ir and
2(0) € {27 Pz < Auin(P)r?}, ||2(2)|| will be ultimately
bounded by dco. If D, = R™, ||2(¢)|| will be globally
ultimately bounded by dc; for any § > 0
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Example 9.4 (Pendulum Equation)

T1 = T, Ty = —sin(zy + 1) — bxy + cu
1
u = (E) [Sin(l’l + 51) — (k?lfL'l + ]{321‘2)]

A= B = [ i —(k21+ b) }

"= (%) [sin(z1 + 61) — (k21 + ko))

l"l = T, i’g = —k’lﬂ?l - (kg aF b)ﬂ?g + A(SE)

A(z) = (c — C) [sin(wy + 61) — (kizy + kaa)]

Cc
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[A(@)] < k|| +0, YV

P(A—BK)+ (A- BK)'P =1, P:[pll p12:|
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b=0, ¢=m,/m
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Is feedback linearization a good idea?

Example 9.5

t=ar—br’+u, a,b>0
u=—(k+a)z+bz’ k>0, = i=—kz
—b2? is a damping term.  Why cancel it?
u=—(k+a)z, k>0, = i=—kz— b

Which design is better?
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Example 9.6

(I'Il = Z9, f'g = —h(.fEl) +u
h(0) =0 and z1h(z1) >0, V21 #0

Feedback Linearization:
u = h(l’l) — (k’l.l"l + k’g.’L‘g)

With y = x5, the system is passive with
1
V= / h(z) dz + iz}
0

V= h(z1)Z1 + z2d2 = yu
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]
The control

u=—o(x3), 0(0)=0, za0(x2) >0V 29 #0

creates a feedback connection of two passive systems with
storage function V'
V = —SUQU(SL’2>

Zo(t) =0 = () =0 = h(zi1(t)) =0 = x1(¢t) =0

Asymptotic stability of the origin follows from the invariance
principle
Which design is better?
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The control u = —o(x3) has two advantages:

m |t does not use a model of h
m The flexibility in choosing ¢ can be used to reduce |u|

However, u = —o(x3) cannot arbitrarily assign the rate of
decay of x(t). Linearization of the closed-loop system at the
origin yields the characteristic equation

s>+ 0'(0)s + W' (0) = 0

One of the two roots cannot be moved to the left of

Rels] = —+/A/(0)
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Partial Feedback Linearization

Consider the nonlinear system
&= flz)+G(x)u  [f(0)=0]
Suppose there is a change of variables
_ || _ | Ti(=z)
= [¢] =m0~ 50
defined for all z € D C R", that transforms the system into

0= fo(n,€), &=AE+ Blp(x)+ ()]

(A, B) is controllable and «(z) is nonsingular for all x € D
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u=""()[-¢(x) + ]
= fo(n, &), { = A¢ + Bu

v=—K¢ where (A— BK) is Hurwitz
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R —m—S————————

The origin of the cascade connection

is asymptotically (exponentially) stable if the origin of
1 = fo(n,0) is asymptotically (exponentially) stable

With b > 0 sufficiently small,
V(n,&) =bVi(n) + VETPE,  (asymptotic)

V(n, &) = bVi(n) + €T PE,  (exponential)
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If the origin of 17 = fo(n,0) is globally asymptotically stable,
will the origin of

1= fo(n,), §=(A-BEK)¢

be globally asymptotically stable?

In general No

Example 9.7

The origin of 1) = —n is globally exponentially stable, but

has a finite region of attraction {n¢ < 1+ k}
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-
Example 9.8

n=- %(1—’_52)773’ & =&, fa=v

The origin of n = — %773 is globally asymptotically stable

def 0 1
’U:—k}2£1—2k£2:—K€ = A—BK: |:—]{22 _Qk:|

The eigenvalues of (A — BK) are —k and —k

(1+ kt)e=* te=k
QA-BE)t _

—k%tekt (1 — kt)e
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|
Peaking Phenomenon:

mtax{k2te_kt} = % — 00 as k — 00
§(0) =1, £0)=0 = &(t) = —K*te™
n=—5(1=kte™)n’  00)=n

2
2(4) — o
n(¢) L+ n2t+ (14 kt)e s — 1]

If n2 > 1, the system will have a finite escape time if k is
chosen large enough
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The origin of

1= fo(n, ), §=(A- BEK)¢

is globally asymptotically stable if the system 7 = fo(n, &) is
input-to-state stable

Apply Lemma 4.6
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u=7"(2)[-Y(z) - KTx()]
What is the effect of uncertainty in v, v, and 757

Let ¢)(x), 4(z), and Ty(x) be nominal models of (), v(x),
and Ty(x)

u=4""(2)[~d(z) - KTy(x)]

0= fom,&), €=(A-BK){+BA(z) (%)
A= +75 [~ — KTb) + KTy
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n=rlm§), &=(A-BK){+BA(z) (%)

If 7= fo(n, &) is input-to-state stable and ||A(z)|| < ¢ for all
z, for some § > 0, then the solution of (*) is globally
ultimately bounded by a class /C function of §

If the origin of 7 = fo(n,0) is exponentially stable, (*) is
defined in D, C R", and ||A(2)|| < k||2]| +d V z € D,, then
there exist a neighborhood N, of z = 0 and positive constants
k*, 6%, and ¢ such that for k < k*, 6 < ¢*, and z(0) € N,
||z(¢)|| will be ultimately bounded by ¢d. If 6 = 0, the origin of
(*) will be exponentially stable
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