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-
Backstepping

1= faln) + ga(n)€
g = fb(nag) +gb(’r]7£>u7 9o 7& 07 n € Rna g) ueR

Stabilize the origin using state feedback

View & as “virtual” control input to the system

n_fa( )+ga( )f

Suppose there is £ = ¢(n) that stabilizes the origin of

0= fa(n) + ga(n)o(n)

[fa( )+ ga(mo(n)] < —=W(n)
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e
z=&—¢(n)

n o= [fa)+ 9a(n)o(N)] + ga(n)z
V(n,&) = Va(n) + 32° = Va(n) + 36 — o(n))?

Vo= 6if)—?[fa(n)+ga(77)cb(77)] aa‘ga (n)z

+2F(n, &) + 2g(n, &)u

W)+ 2 | D) + F.€) + ao(m, )

on

IN
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: WV,
V< W+ 2 | S+ F.6) + a0, 1)
1 (v
= e Lo

(. © (17)—|—F(17,§)—|—k:z} , k>0

V< —W(n) — k2°
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Example 9.9

T1 =] — 2] + X2, To = U

St'lil'%*il'?‘i’l'g
_ 2 o 3
To=0¢(x1) =—x]—11 = I =-T —2;
Va(z)) =222 = V,=—a?—at, Vuz€R
_ _ 2
2o = Ty — P(x1) = T2 + 1 + 27

jjl = —Il—l‘?—‘rZQ
22 = U+(1+21‘1)( 1—I’1—|—2’2)
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e
V(z) = %x% + %zg

V = Z’l(—$1—$i’+2’2)

+ zolu + (1 4 221)(—2x1 — :U‘;’ + 29)]

v 2 4
V = —2]—2]

+ z[z1 + (1 + 221) (=21 — 2f + 2) + u]

u=—x; — (1+22))(—21 — 2} + 20) — 2
V=—2?—at—22

The origin is globally asymptotically stable
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Example 9.10

T = x] — T + T, Ty = T3, T3 = U
. _ 2 3 . _
T = x] — X7 + X2, To = T3

def
z3 = —x1 — (1 +231)(—21 — T3 + 2) — 22 = @(71, T2)

V;(x):%xf%—%zg, Va:—l’%—l’%_Zg
23 = 23 — ¢(21, T2)
i = af —af + o, Ty = ¢(1,%2) + 23
) 0o 0¢
z3 = u—a—xl(xf—x?—kxz)—a—h((b#—zg)
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Vz‘/;—I—%z%
s Ve s o3 Ve
vV = 8x1<$1 x1+x2)+8x2(23+¢>)
190) 0¢p
+ 23 [U—a—%(xi—$§+x2)—a—x2(z3+¢)}
1% —22 — 2 — (22 + 3, + 22)?
oV, 0. , ¢
+23 {8332 - a—xl(% — ]+ T2) — 8—332(Z3+¢) +U}
Ve B, 9¢
u = axZ + 81'1 (Il Ly +.’l?2) + 81'2 (Z3 +¢) z3

The origin is globally asymptotically stable
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Strict-Feedback Form

T = fo(!ﬁ)‘l'go(l’)zl

Z o= filz,z) + g1, 21)20
2o = fa(m,21,22) + ga(x, 21, 22) 23

Zoe1 = fremri(@, 2, 2m1) F g1 (T 20, Zhe) 2
Zr = fiulx, 2,0, 2k) + gk(T, 21, .0y 21U

gi(x,21,...,2)#0 for1<i<k
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Example 9.12

9k = = 4F 7%, zZ=u

u=—2"—kz, k>0, = V=—2>—kz
Global stabilization

Compare with semiglobal stabilization in Example 9.7
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Example 9.13

i=xz>—z2, Z=u

t=a2—xz

1 :
z=z+12° = ©=—1° Vo(a:):§x2 = V=—z

1
V:Vo+§(z—a:—x2)2
V=-—z*4(z—z—2Y)[—22+u—(1+22)(z? - 22)]

u=(1+2z)(x* —z2)+ 2> —k(z—2—2%), k>0

V=—a"—k(z—x—2%?  Global stabilization
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Passivity-Based Control

Theorem 9.1

If the system is

(1) passive with a radially unbounded positive definite
storage function and
(2) zero-state observable,

then the origin can be globally stabilized by

U= _(b(y)v ¢(0) =0, yT¢(y) >0V Y 7é 0
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V= 2 il ~ol)) < ~76(5) < 0

V(@) =0 = yt)=0 = ut)=0 = z(t) =0
Apply the invariance principle

A given system may be made passive by

(1) Choice of output,
(2) Feedback,

or both
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-
Choice of Output

&= f(z) + G(x)u, aa—‘;f(a:) <0, Vz

No output is defined. Choose the output as

v=1 ™ [V aw)

—_ - <
V = f(x)+ Gx)u<y u

Check zero-state observability
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Example 9.14

. . 3
xr1 = Za, To = —T] + U

V(z) = ix‘f + %x%

Withu =0 V =3z, — 2003 =0

Takey:g—Zng—Z;:@

Is it zero-state observable?

with u = 0, y(t) =0 = =z(t)=0

uw=—kry, or wu=—(2k/m)tan" (zy) (k>0)
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Feedback Passivation

The system
&= f(z)+G(x)u, y=nhx) (x

is equivalent to a passive system if 3 u = «a(z) + S(z)v such
that

= f(z) + G(z)a(z) + G(z)B(z)v, y = h(z)
is passive

Theorem [20]

The system (*) is locally equivalent to a passive system (with
a positive definite storage function) if it has relative degree
one at z = 0 and the zero dynamics have a stable equilibrium
point at the origin with a positive definite Lyapunov function
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Example 9.15 (m-link Robot Manipulator)

M(q)i+C(a,4)q + Di+g(a) =u
M=M">0, (M-20)"=—(M-2C), D=DT >0
Stabilize the system at ¢ = ¢,
€=dq—qr, €= q
M(q)é + C(g, d)é + Dé + g(q) = u
(e =0,é =0) is not an open-loop equilibrium point
u=g(q) — Kpe +v, (Kp:KpT>O)

M(q)é+C(q,§)é+ Dé+ Kye=v
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|
M(q)é+ C(g,q)é+ Dé + Kpe =v
V =1e"M(q)é + je" Kpe
V =1eT(M —20)é — ¢"Dé — " Kpe + ¢Tv + eT Kpé < éTv

2

y=e
Is it zero-state observable? Set v =0

Et)=0 = ét)=0 = Kpe(t)=0 = e(t) =0

v=—¢(é), [p(0)=0, é"¢(é) >0, Ve 0]
u=g(q) — Kye — ¢(¢)

Special case:  u=g(q) — Kye — Kq¢, Ky=KJ >0
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