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Definition 10.1

The system
&= f(z,u)+6(t,z,u)

is said to be practically stabilizable by the feedback control
u = ¢(x) if for every b > 0, the control can be designed such
that the solutions are ultimately bounded by b; that is

lz(®)|| <0, Vt>T, forsomeT >0

m local practical stabilization

m regional practical stabilization

m global practical stabilization

m semiglobal practical stabilization
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Sliding Mode Control

Example 10.1

b=z g = h() g, g() 2 g0 >0
Sliding Manifold (Surface):

s=axr; +x3 =0

st))=0 = i) =—axn
a>0 = limz(t)=0
t—o0

How can we bring the trajectory to the manifold s = 07

How can we maintain it there?
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§ = ad; + Iy = axs + h(z) + g(x)u

Suppose
azxy + h(z)
— | Jolz
9(x) 2
V=1s

V = 55 = slaxy + h(z)] + g(z)su < g(z)|s|o(x) + g(z)su

B(x) = o(x) + o, o >0

V < g()ls|o(x) — g(@)B(x)|s| < —g(x)Bols|
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V < g(@)lsle(z) — g(@)(e(2) + Bo)ls| = —g(z)Bols|

1, s>0
) = -1 5<0

u=—f(z) sgn(s) = V < —g()fols| < —gofols|

Vg—goﬁo\/ﬁ
ﬂ<—gﬁ\/§dt = \/V(S(t))<\/V(S(0))—gﬁLt
\/V_ 0~0 = 00\/5
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|
()] < [s(0)] = gofo ¢
s(t) reaches zero in finite time

The trajectory cannot leave the surface s = 0

s=0

n

L
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Pendulum Equation

6 +sinf + b = cu
0<b<02 05<c<2
Stabilize the pendulum at 6 = 7/2

7T : . .
x1:9—§, To=0 = Iy =129, Z9=—cosx, —bry+cu

S=x1+ T, §=1T9—cosxy — bxry+ cu

T9 — cOS T — by

< 2(|lwe| +1)

C C

B ‘ (1 — b)xg — coszy
u = —(2.5+ 2|zy|) sgn(s)
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|
Estimate the region of attraction when

azy + h(x)

<o(z), VxeDcC R?
g9(z) (=)

= —axy +5 §=axy+ h(zx) — g(x)5(x)sgn(s)
s8 < —gofols| = {|s| < ¢} is positively invariant
Vo = %x? = VO = 715 = —axf + 215 < —ax% + |z

Vo <0, Vl|s|<cand |z >
a

Q= {|:c1| < E, |s| < c} C D is positively invariant
a
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axe + h(z)

<k <k VzeQ
g(z)

u = —Fk sgn(s)
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|
Chattering

Sliding manifold

How can we reduce or eliminate chattering?

Nonlinear Control Lecture # 27 Robust State Feedback Stabilization



|
Reduce the amplitude of the signum function

$=axy+ h(z) + g(z)u

v = —B(x) sgn(s)
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Back to the pendulum equation

&1 = X9, T9 = —cosxy —bry+cu, b=0,¢

—X9 + COS X .
u=—2"""" Ly = s=04cv

~

d (1—b 1) (1 1)
- = — < |xa— (- — = |cosxz
c c c c ¢

Take ¢ = 1/1.2 to minimize |(1 —b)/c — 1/¢|

5
‘ ' < 0.8|25| + 0.8

c

u=1.2cosz; — 1.2x9 — (1 4 0.8|z3]) sgn(s)
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|
Simulation with unmodeled actuator dynamics

1
(0.01s+1)2

Dashed lines:
u = —(2.5+ 2|z2|) sgn(s)

Solid lines:

u=1.2cosx; — 1.2z5 — (1 + 0.8|x2|) sgn(s)
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|
Replace the signum function by a high-slope saturation

function
s
u=—p0p(x) sat | —
s ()

v, if ly| <1
sat(y) = .
0={ o, o
sgn(y) A sat (%) A
n— 1
7 [
! =1
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|
How can we analyze the system?

For |s| > u, u=—p(x) sgn(s)

With ¢ > p
m Q= {|z;] < £, |s| <c} is positively invariant
m The trajectory reaches the boundary layer {|s| < p}in
finite time
m The boundary layer is positively invariant
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|
Inside the boundary layer:

: s

Ty = —axy + S $=axy+ h(z) — g(x)ﬁ(x);
T8 < —axt + |z |p

101 < (1 = 91)@1’%, \ ’.’L‘ll >— 0<¥b; <1

01 ’
The trajectories reach the positively invariant set

1
Q= {lz] < bra’ |s| < u}
in finite time
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(b)

(a) & (b) without and (c) & (d) with actuator dynamics

Nonlinear Control Lecture # 27 Robust State Feedback Stabilization



Special case h(0) =0

Inside the boundary layer, the system

T1 =2y, By = h2) = g(2)B(x)/ ] (az1 + 25)

has an equilibrium point at the origin. We can stabilize the
origin by choosing 1 small enough

Pendulum equation: Stabilize the pendulum at § = 7
r,=0—m, xgzé, S = X1 + To

$ =Ty +sinx; — bry + cu
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0<b<02 05<c¢<?2

(1 =b)xy +sinay
c

u = —2(|z1] + |22 + 1) sat(s/p)

Inside the boundary layer

< 2(Jaa | + |2

#1=—x1+s, §=(1—-b)zy+sinz —2c(|xy|+|z2|+1)s/1

1 1
Vi = 51‘%4— 582

i [] Lo an o) [
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