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Sliding Mode Control

Suppose all the assumptions of Theorem 10.1 hold over (2
with

m0(0)=0

m The origin of 7 = f,(n, ¢(n)) is exponentially stale
Then there exits ©* > 0 such that for all 0 < pu < p*, the
origin of the closed-loop system is exponentially stable and €2
is a subset of its region of attraction. If the assumptions hold
globally, the origin will be globally uniformly asymptotically
stable
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By Theorem 10.1, all trajectories starting in {2 enter €2, in
finite time. Inside 2,

n=fan, o) +s),  ps=p)G(x)s+ pAt,z,v)
By the converse Lyapunov theorem, there is V; (7)) that satisfies
allnl* < Vi(n) < eallnll?

a”f (m, $(n)) < —cs |l

2] <o

in some neighborhood N, of n =0
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By the smoothness of f, we have

1fa(m, 6(n) + ) = fa(n, o)l < Falls]
in some neighborhood N of (1,£) = (0,0)
Choose j1 small enough that 2, C N,, N N. Inside €,

sTs = — @STG(:U)s—I—STA(t,x,v)
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Since G is continuous and g is locally Lipschitz with o(0) = 0,
we arrive at
Aofo(1 —
To< _ 0o( ko)

Isl* + E2lInllllsll + ksl s[|*

W =Vi(n)+ %STS

W < —csllnll? + cakallnllllsll + Ealln ||l s]

1_
T k5|2 = 2ofoll = ko) o

Nonlinear Control Lecture # 29 Robust State Feedback Stabilization



T cak1+ko
: C3 — 7]l
[ I el ||
[HSH —abyta 202 — k| ls]
4esAoBo(1 — ko)
403163 aF (C4l€1 T k2)2

The basic idea of the foregoing proof is that, inside the
boundary layer, the control

acts as high-gain feedback for small ;1. By choosing p small
enough, the high-gain feedback stabilizes the origin
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Unmatched Uncertainty

&= f(z) + B(2)[G(x)u + §(t, x,u)] + d1(x)

7? - fa(nv f) + 5(1(7]7 f)
5 - fb(na 5) + G(:c)u + 5(t7 xz, u) + 5b(777 E)

s=E&—o(n)

Reduced-order model on the sliding manifold:

n = fa(nv ¢(n)) + 5(1(7]7 ¢(n))

Design of ¢ to stabilize n = 0 in the presence of J,
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Example 10.3

1 = Ty + 0121 sin x,, Bo = Ooxy + 1 +u
|01] <a, |6 <b
Ty = —kzr; = ;= —kzy+ 0715079
Vi=1z] = ziy < —kal+az}
s=xo+ kry, k>a
5= Gox2 + 1 + u+ k(zs + 6121 sin )

u=-—-11—kra+v = $§=v+A(x)

A(x) = 023 + kb 21 sin x5
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A(r) = 0o25 + kb 21 sin
|A(7)] < ak|z1| + b

B(z) = ak|z,| + b2+ By, Bo>0
By Theorem 10.2,

u=—x; — kxy — () sat (i)
0

with sufficiently small x, globally stabilizes the origin
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Example 10.4

1 =z + (1 — 61)xs, Ty :02x§+x1+u

0] <a, 162] <D

S.Ul = T -+ (1 — 191).’172

Design x5 to robustly stabilize the origin 21 = 0
We must have |a| < 1

Ty = —kx; = T3 =22 — k(1 —0)z3 < —[k(1 —a) — 1]z3
1
1—a
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s = X9 + kxq

Proceeding as in the previous example, we end up with
u=—(1+k)x; — kxy — f(x) sat(s/u)

B(z) = bz + ak|za| + Bo, Bo >0
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Alternative Approach: Suppose G(z) is a diagonal matrix with
positive elements

$=G(x)v+ A(t, z,v)
$i = gi(x)v; + Ai(t,z,v), 1<i<m

Az(tv x, U)

< o() + Kg max |v;
9:(x) @ .

1<i<m

gi(z) > go > 0 '
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$igi(x)v; + 8;(t, z, v)
) st + Il lo(o) + o mmax o)

9:()[=B(x) + o(x) + Ko (x)]|sil

9i(2)[=(1 = ko) B(x) + o(x)]]si]
gi(@)[=o(z) — (1 = ko) Bo + o(x)][si|

—90Bo(1 — Ko)|s]

Vi < —g0Bo(1 — Ko)V/2V;

ensures that all trajectories reach the boundary layer

in finite time
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Results similar to Theorems 10.1 and 10.2 can be proved with
Q={Vo(n) <co} x{[si] <e, 1 <i<m}

co = afe), alr) = ax(as(rvm))
Q. ={Vo(n) <a(w)} x{[si| <p, 1<i<mj
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