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Lyapunov Redesign

&= f(z)+Gx)u+d(t,z,u)], =x€R", ueR™
Nominal Model: &= f(z)+ G(x)u

Stabilizing Control: u=¢(x)

O 1) + Gla)ola)) < W), YaeD, Wispd
u=¢(x)+v

16(2, 2z, ¢(x) +v)|| < o(x) + rollv]l, 0 <k <1

= f(x)+ G(x)p(x) + G(x)[v+ 0(t, x, p(z) + v)]

ov ov
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wT:a—VG

Ox
V< -W(z)+wv+w’s

wh +w'd <who+ wl| 0] < w'v + w][e(x) + Kolv]]

w

o= st o (g = see) form=1)

[[]]

wiotw's < —Bllwll + efwll + roBwl]
—B(1 = o) [[w]| + oljw]]

ﬁ(x)zﬂ = wlv+wd<0 = V< -W()
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Continuous Implementation

v =—p(x) Sat (ﬁ(x)w) — { —B@) . B@)wll 2 4

i B, i Al < p
Ba)wl| >p = V< -W()
For B(z)||w[l < p
Vo< W) +w” [—52 : % +5]

2
< —Wi(r) - ;Hw”2 + of|w|| + kol[w][||v]]
52 Ko3?
= —W(z) - ;HWH2 + ollw|| + [Jw]|?
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ForO0< 60 <1,
Vo< —(1=8as(lle]) - as(llz]) + p(1 — ro)/4
< —(1—Oas(lall), ¥ ] = a5’ (M) o

46
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B,CD, u< 49@3(a51(a1(r))) =y < a;l(ozl(?"))

(1 — ko)

Theorem 10.3

Under the foregoing assumptions, for any
x(tg) € {V(x) < ay(r)}, the solution of the closed-loop
system satisfies

()| < max {By([z(to)ll, ¢ —to), b(w)}
where (3; is a class KL function and
b(p) = a1 (az(po)) = ag ' (az(az ' (0.250(1 — ko) /0)))

If all the assumptions hold globally and a; € K, then the
above inequality holds for any initial state x(to)
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Under what conditions will the origin be uniformly
asymptotically stable?

W(z) 2 ¢*(x),  BE)=p>0, o)< ap()

VaoeB,={|z|| <a}; ¢(z)is positive definite

p(0)=0 = 00)=0
When §(z)||w| < u

B2(x) (1 — ko)
1

V< -W(x) - lwl? + o(z) ]l

—W(x) = —-1-0)W(x)—0W(z) < —(1-0)W(x)—0*(x)
0<f<1
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2wl T —o1 2B§(1_—Ho)/u ]
1 {gp(x)] { 26 01 } [so(x)]

For sufficiently small u, V < —(1 — 0)W (x)

Theorem 10.4

For sufficiently small p, the origin is uniformly asymptotically
stable. If

allz)* < V(z) < eollall’,  W(z) > esll]|?

for ¢; > 0, then the origin is exponentially stable
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Example 10.5 (Pendulum equation)
(t‘l = T2, (i‘g = — Sin((L‘l = 51) - b()IEQ + cu

0<0p<02, 05<c<L?2
The system is feedback linearizable

& = Ax + B|—sin(z; + 6;) — boxs + cul

Nominal parameters: bo =0, ¢
1 .
o(z) = (E) [sin(xy + 61) — k121 — koxo)
K = [kl k2:| is chosen such that A — BK is Hurwitz
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u=¢(x)+v

o= (C ; C) [sin(xl —|—(51) — k’ll?l — kQZL'Q] — b—PiL'g + (C T C) v
C C C

18] < 00 + 01]1| + 02]|T2| + Kolv]

c— ¢

¢ — ¢)sind
( ) L ) QIZ‘ ~
c

&2
bo

¢

00 > (1+ kq)

c—¢C

©— i
02 > —— | k2, Ko >

0o + 01]1| + 02|22

Assume ko < 1, B(z) > By +
1-— Ko

750>0
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|
V(z) =2"Pz, P(A—BK)+(A—BK)TP=-1I

w = 2$TBTP = 2(}9121’1 +p22:52)
The control

u = ¢(x) — B(x) sat (B(z)w/p)

achieves global ultimate boundedness with ultimate bound
proportional to /. If sind; = 0, we take gy = 0 and the
origin of the closed-loop system will be globally exponentially
stable

Nonlinear Control Lecture # 30 Robust State Feedback Stabilization



Compare with Example 9.4: There

1
1+\/k$+k§} < —
{ 2v/Pls + D3y

Ultimate bound is proportional to |sin(d;)(c — ¢)/¢|

c—C

Here —-

A

‘<I€0<1

Ultimate bound is proportional to \/u
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|
Calculation of the ultimate bound: Let 6; = /2

Take ¢ = (2 +0.5)/2 = 1.25 to minimze|(c — ¢)/¢|

|c —¢é/é] < kg =0.6 Compare with 0.3951 in Example 9.4
K=[1 2] = MA-BK)=—-1,-1 = w=1 +
B(z) = 2.4|z1| + 2.8|z2| + 1.5
u = 0.8(cosz; — 1 — 2x9) — B(z) sat (B(x)w/p)

@1(1) = Anin(P)r?, aa(r) = Apae(P)r?, as(r) = r?
With 8 = 0.9,
b(p) = a7 (az(az'(0.25u(1 — £o)/0))) = 0.8y/1
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|
For z(t) to be ultimately in {|z;| < 0.01, |z5| < 0.01}

VI <0.01/0.8 = B, C {|z1] < 0.01, |z5| < 0.01}

Analysis inside B, yields a less conservative estimate of p.
Trajectories inside B, converge to the equilibrium point
(Z1 =~ 1(0.8¢c — 1)/(2.25¢),z5 = 0)

c€0.5,2] = |u(0.8c—1)/(2.25¢)| < 0.53u

It is sufficient to choose 1 < 0.01/0.53

Simulation: by = 0.01, ¢ = 0.5, and = 0.01
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when Blw| > p, ww < —w
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-
High-Gain Feedback

The sliding mode and Lyapunov redesign controllers can be
replaced by high-gain feedback controllers

Sliding mode control: Replace f(x) Sat (ﬁ) by %
1
V= §STS
V = — ésTGs—i-sTA
i

B B
< - ;Mu'n(G)HSH2 + Amin(G) o|s]| + /\mm(G)mO;HsH?

(G [— (”M—” _ 1) B(L = ro)sll = o1 = o)lls|
Nabo(l—ro)sll, for s > p

IN
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The trajectories reach {||s|| < p} in finite time
What is the difference from sliding mode control?

The trajectories reach the boundary layer faster because

pus = —G(x)s + pA

Example 10.6

Recall Example 10.1 where the pendulum is stabilized at
0=n/2and s=60—7/2+0
Sliding Mode: u = —(2.5 + 2|0|) sat(s/pu)

High-gain Feedback: u = —(2.5+ 2|0])(s/u)

Simulation: 5 =0.01, ¢=0.5, = 0.1
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Time Time Time

Sliding mode (solid); High-gain (dashed)
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Lyapunov redesign: Replace

fi) sae (212

B (x)w
I
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