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Local Observers

r= f(r,u) = f(&,u) = H[h(z) — h(2)]
We seek a local solution for sufficiently small ||Z(0)]]

Linearization at £ = O:

j:
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Steady-state solution:
0= f(xssa uss)7 0= h(xss)

Assumption: given £ > 0, there exist §; > 0 and d5 > 0 such
that

|2(0) — zl] <91 and  Ju(t) —uss|| < d2 VE> 0

= |x(t) —zgs]| <eViE> 0
of oh
A - %(xssauss)a C - %(xss)

Assume that (A, C) is detectable. Design H such that
A — HC is Hurwitz
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Lemma 11.1

For sufficiently small ||Z(0)||, ||#(0) — zss||, and
SUP¢>q llu(t) — ussl,

lim Z(t) =0

t—o00

f(xvu)if(iUU') Al gii(xiajzu) do Z
||f(.’IJ,’U,)*f(£,U)*Af|| =

11y P 9 .
/0 [aﬁ(a: —0Z,u) — %(x,u) I 8—£(x7u) - &];(xss,uss)] do 7

< Li(GIaEl + [z = zall + llu — w1 2]
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-
Ih(z) = h(2) = CZ|| < La(G 12| + |z — sl [|2]]

i=(A—-HC)%+ Az, u, )
1A, u, )| < k|| Z]|* + kale + ) |2
P(A—HC)+ (A—HC)TP=—1I
V =#TP%
V < —[lE)1% + caka|E]® + cakale + 62) 1 E])?

V S —%‘|Zf||2, for 041{31“{2‘” S % and C4k‘2(€ i 52) S %
For sufficiently small ||Z(0)]|, &, and 0, the estimation error
converges to zero as t tends to infinity
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e
The Extended Kalman Filter

= f(x,u), y = h(z)
&= f(i,u)+ H(t)y — h(@)]

= fz,u) — f(&,u) — H{t)[h(z) - h(2)]
Expand the right-hand side in a Taylor series about z = 0 and
evaluate the Jacobian matrices along &

T =[A®t) — Ht)Ct)i+ A(Z, z,u)
A(t) = 5 @M, ut),  Ct) = 5-(2(1))

Nonlinear Control Lecture # 31 Nonlinear Observers



e
Kalman Filter Gain:
H(t)=Pt)CTt)R!
P=AP+ PAT +Q — PCTR'CP, P(ty) = Py

Py, @ and R are symmetric, positive definite matrices
Assumption 11.1: P(t) exists for all ¢ > ¢, and satisfies
ozlng(t)Sag], Oéz‘>0

Remarks:
m Assumption 11.1 cannot be checked offline

m The observer and Riccati equations are solved
simultaneously in real time
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Lemma 11.2

There exist positive constants ¢, k, and A such that

IZO)l<c = Z@)I < ke, Vit 20

1o 0 :
/0 [8£(0i+:i,u) = a{:(@,u)] do xH < L7

/01 [?(ai—l—i’) = @(g:«)] do &

< L3
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el = e -2)

<G| + Zatiel + 2

IA@, z,w)ll < ku|Z)* + ksl 2]

al <Pt)<apl & azl < P'(t) <aul, a; >0
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V = #FP i+ iTP s+ @T%Plf
= #'P Y A- PCTR'O)%
+ 37 (AT - C*R™'CP)P &
—ZTP'PP '+ 2T P'A
— #zTPY(AP + PAT — PCTR™!CP - P)P i
—#TCTR™'Cz + 22T PIA
= —#T(P'QP '+ CTR'C)z + 25T P A

V < —cr||Z))? + cokr || F| P + coka|Z||*

V< —gallzl?,  for |7 <7
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Example 11.1

i = Ajz + B1[0.25z779 + 0.25in2t], y=Cix

Alz[_ol _12} Blzm, Ci=[1 (]

Investigate boundedness of z(t)

131
PA+ATP =—-1 = P1_§L 1]

V(z) = 2T Pix
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V = —zTz+227P B[0.252%2, + 0.2sin 2t]
< —llzf*+0. 5HP131H£L?H£L'H2 + 0.4 Py By |]| ]

2
T
= —l=l* + =ll=ll* +

HfL'H
2v/2 \f
1zl for a2 < V2
\/Q 9 1=

V2
1 o] P 'L 0}
Q={V(z) <V2} C {2} < v2}

< —0.5||=[* +
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]
Inside 2

Vo< —0.5]z|* + f||w||

0.4
< —0.15)z]?, V¥ =] > 0

35v/2
Amaz(P1) = 17071 = (0.8081)*A\paa(P1) < V2

= 0.8081

= {|lz|| £0.8081} C Q2
= (2 is positively invariant

Design EKF to estimate x(t) for z(0) €
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0 1
A =1 1 4 0551(0)3(8) —2+0.2582(1)
C=[1 0]

Q=R=P0)=1

P=AP+PAT+1-PCTCP, P(0)=1

P — {pn p12}
P12 P22
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1 = Za+puly— 1)
v —21 — 285 + 0.258285 + 0.2sin 2t + pra(y — £1)
2p19 + 1 — p?;
P12 = pu(—1+0.58185) + p1a(—2 + 0.25%7)

+ P22 — P11P12
Pa2 = 2p12(—1+0.52182) + 2pga(—2 + 0.255%)
+1—piy

3>
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(b)

1
= Pyy
§ T 0.8
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