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Global Observers

Observer Form:

ẋ = Ax+ ψ(u, y), y = Cx

(A,C) observable

˙̂x = Ax̂+ ψ(u, y) +H(y − Cx̂)

x̃ = x− x̂

˙̃x = (A−HC)x̃

Design H such that A−HC is Hurwitz

limt→∞x̃(t) = 0, ∀ x̃(0)
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ẋ = Ax+ ψ(u, y) + φ(x, u), y = Cx

‖φ(x, u)− φ(z, u)‖ ≤ L‖x− z‖

˙̂x = Ax̂+ ψ(u, y) + φ(x̂, u) +H(y − Cx̂)

˙̃x = (A−HC)x̃+ φ(x, u)− φ(x̂, u)

P (A−HC) + (A−HC)TP = −I, V = x̃TP x̃

V̇ = −x̃T x̃+ 2x̃TP [φ(x, u)− φ(x̂, u)] ≤ −‖x̃‖2 + 2L‖P‖‖x̃‖2

L <
1

2‖P‖ ⇒ limt→∞x̃(t) = 0, ∀ x̃(0)
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High-Gain Observers

Example 11.2

ẋ1 = x2, ẋ2 = φ(x, u), y = x1

˙̂x1 = x̂2 + h1(y − x̂1), ˙̂x2 = φ0(x̂, u) + h2(y − x̂1)

|φ0(z, u)− φ(x, u)| ≤ L‖x− z‖ +M

˙̃x = Aox̃+Bδ(x, x̃, u)

Ao =

[

−h1 1
−h2 0

]

, B =

[

0
1

]

, δ = φ(x, u)− φ0(x̂, u)

Design h1 and h2 such that Ao is Hurwitz
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Transfer function from δ to x̃:

Go(s) =
1

s2 + h1s + h2

[

1
s+ h1

]

We can make supω∈R ‖Go(jω)‖ arbitrarily small by choosing
h2 ≫ h1 ≫ 1

h1 =
α1

ε
, h2 =

α2

ε2
, ε≪ 1

Go(s) =
ε

(εs)2 + α1εs+ α2

[

ε
εs+ α1

]

lim
ε→0

Go(s) = 0
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η1 =
x̃1
ε
, η2 = x̃2

εη̇ = Fη + εBδ, where F =

[

−α1 1
−α2 0

]

PF + F TP = −I, V = ηTPη

|δ| ≤ L‖x̃‖+M ≤ L‖η‖+M

εV̇ = −ηTη + 2εηTPBδ

≤ −‖η‖2 + 2εL‖PB‖‖η‖2 + 2εM‖PB‖‖η‖
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εL‖PB‖ ≤ 1

4
⇒ εV̇ ≤ −1

2
‖η‖2 + 2εM‖PB‖‖η‖

‖η(t)‖ ≤ max
{

ke−at/ε‖η(0)‖, εcM
}

, ∀ t ≥ 0

Peaking Phenomenon:

x1(0) 6= x̂1(0) ⇒ η1(0) = O(1/ε)

The solution will contain a term of the form (1/ε)e−at/ε

Nonlinear Control Lecture # 32 Nonlinear Observers



Example 11.1 (revisited)

ẋ1 = x2, ẋ2 = −x1 − 2x2 + ax21x2 + b sin 2t, y = x1

a = 0.25, b = 0.2, and Ω = {1.5x21 + x1x2 + 0.5x22 ≤
√
2} is

positively invariant

˙̂x1 = x̂2 +
2

ε
(y − x̂1)

˙̂x2 = −x̂1 − 2x̂2 + âx̂21x̂2 + b̂ sin 2t+
1

ε2
(y − x̂1)

Case 1: â = 0.25 and b̂ = 0.2 (Figures (a) and (b))
Case 2: â = b̂ = 0 (Figures (c) and (d))

Nonlinear Control Lecture # 32 Nonlinear Observers



0 0.1 0.2 0.3 0.4 0.5

0

0.2

0.4

0.6

0.8

1

1.2

ε = 0.1

ε = 0.01

Time

x 1 a
nd

 E
st

im
at

es
(a)

0 0.1 0.2 0.3 0.4 0.5

0

10

20

30

40

ε = 0.1

ε = 0.01

Time

x 2 a
nd

 E
st

im
at

es

(b)

0 0.1 0.2 0.3 0.4
−40

−30

−20

−10

0

ε = 0.1

ε = 0.01

Time

E
st

im
at

io
n 

E
rr

or
 o

f x
2

(c)

5 6 7 8 9 10
−0.04

−0.02

0

0.02

0.04

ε = 0.1

ε = 0.01

Time

E
st

im
at

io
n 

E
rr

or
 o

f x
2

(d)

Nonlinear Control Lecture # 32 Nonlinear Observers



Measurement Noise

y = x1 + v, |v(t)| ≤ N

εη̇ = Fη + εBδ − 1

ε
Ev, where E =

[

α1

α2

]

εV̇ ≤ −1

2
‖η‖2 + 2εM‖PB‖‖η‖+ 2N

ε
‖PE‖‖η‖

Ultimate bound:
‖x̃‖ ≤ c1Mε +

c2N

ε
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εε
1

ε c
1
 M + c

2
 N/ε
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General case:

ẇ = f0(w, x, u)

ẋi = xi+1 + ψi(x1, . . . , xi, u), for 1 ≤ i ≤ ρ− 1

ẋρ = φ(w, x, u)

y = x1

|ψi(x1, . . . , xi, u)− ψi(z1, . . . , zi, u)| ≤ Li

i
∑

k=1

|xk − zk|

˙̂xi = x̂i+1 + ψ1(x̂1, . . . , x̂i, u) +
αi

εi
(y − x̂1)

˙̂xρ = φ0(x̂, u) +
αρ

ερ
(y − x̂1)
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α1 to αρ are chosen such that the roots of

sρ + α1s
ρ−1 + · · ·+ αρ−1s+ αρ = 0

have negative real parts

|φ(w, x, u)− φ0(x, u)| ≤M

|φ0(x, u)− φ0(x̂, u)| ≤ L‖x− x̂‖

|φ(w, x, u)− φ0(x̂, u)| ≤ L‖x− x̂‖+M

Lemma 11.3

For sufficiently small ε

|x̃i| ≤ max

{

b

εi−1
e−at/ε, ερ+1−icM

}
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Proof

η1 =
x1 − x̂1
ερ−1

, . . . , ηρ−1 =
xρ−1 − x̂ρ−1

ε
, ηρ = xρ − x̂ρ

εη̇ = Fη + εδ(w, x, x̃, u)

δ = col(δ1, δ2, · · · , δρ), δρ = φ(w, x, u)− φ0(x̂, u)

|δi| ≤ Li

i
∑

k=1

εi−k|ηk|, 1 ≤ i ≤ ρ− 1

F =















−α1 1 0 · · · 0
−α2 0 1 · · · 0
...

. . .
...

−αρ−1 0 1
−αρ 0 · · · · · · 0














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For ε ≤ ε∗ ‖δ‖ ≤ Lδ‖η‖+M

V = ηTPη, PF + F TP = −I

εV̇ = −ηTη + 2εηTPδ

εV̇ ≤ −‖η‖2 + 2ε‖P‖Lδ‖η‖2 + 2ε‖P‖M‖η‖
For ǫ‖P‖Lδ ≤ 1

4
,

εV̇ ≤ −1

2
‖η‖2 + 2ε‖P‖M‖η‖ ≤ −1

4
‖η‖2, ∀ ‖η‖ ≥ 8ε‖P‖M

By Theorem 4.5, ‖η(t)‖ ≤ max
{

ke−at/ε‖η(0)‖, εcM
}

|x̃i| ≤ ερ−i|ηi|
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