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Robust Stabilization of Minimum Phase Systems
Relative Degree One
n=folny),  §=alny)+bnyu+itny,u)
f0(0>0) =0, a’(oa 0) =0, b(%@/) >by >0
The origin of 7 = fy(n,0) is asymptotically stable

ar([nll) < V(n) < es((lnl])

oV
a_nf(’("’y) < —ag(llnll), ¥ lInll = cu(yl)

Sliding Mode Control: Sliding surface y =0
u=1y(y)+v
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a(n,y) +b(n,y)(y) + d(t,n,y,¥(y) +v)
b(n,y)

< o(y) + rolv|

All the assumptions hold in a domain D
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Theorem 12.3

Define the class KC function a by a(r) = as(ay(r)) and
suppose ji, ¢ > p, and ¢y > «(c) are chosen such that the set

Q={V(n) <co} x{ly| <c}, with ¢g > a(c)

is compact and contained in D. Then, €2 is positively invariant
and for any initial state in €2, the state is bounded for all t > 0
and reaches the positively invariant set

Qu={V(n) <a(p)} x{lyl < u}

in finite time. Moreover, if the assumptions hold globally and
V'(n) is radially unbounded, the foregoing conclusion holds for
any initial state
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Theorem 12.4

Suppose 0(0) = 0 and the origin of 7 = fy(n,0) is
exponentially stable. Then, there exists u* > 0 such that for
all 0 < p < p*, the origin of the closed-loop system is
exponentially stable and €2 is a subset of its region of
attraction. Moreover, if the assumptions hold globally and
V' (n) is radially unbounded, the origin will be globally
uniformly asymptotically stable
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Relative Degree Higher Than One

ir.] = fO(n:S)
fi = §i+17 forlgzgp—l

& = a(n, &) +bm,Ou+d(t,n, & u)
y = &

f0(070) = 07 CL(0,0) = 07 b(77>€) > bO >0

The origin of 7 = fy(n, 0) is asymptotically stable
Partial State Feedback: Assume ¢ is available for feedback

s=ki& + koo + -+ ko181 + &
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With s as the output, the system has relative degree one and
the normal form is given by

2= fo(z,s), s=al(z,s)+b(z,s)u+0(t z,s,u)

z = col (777 617 s 6p727 fpfl)
Zero Dynamics (s = 0):

z= fT()(Z> O)
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z= f()(zv 0)
& = fo(n,¢ , (=F¢
= ki ]
0 1 0 - 0
gl o 0 1 - 0
c=|7 |, F=|: 5
= ki —ko - —kpo —kp

When p = n, the zero dynamics are C = F(
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k1 to k,_; are chosen such that the polynomial

N7 by g N 724 R+ Ey

SR 2D < V) < ool
oV -
T als) < —alal) ¥ 2] 2 (sl

We have converted the relative degree p system into a relative
degree one system that satisfies the earlier assumptions

u=Y(§) +v

Nonlinear Control Lecture # 35 Output Feedback Stabilization



a(z, 5) +b(z, 8)1(§) +0(t, 2,5, ¥(§) +v)
b(z,s)

Left hand side equals

S0 Kibiea + a(n, €) + b(n, £)(€) + 8(t, 1, & B () + )
Ul

< (&) + Folv]

+ﬁ07 ﬁ0>0

= (&) — B(E) sat (;) =7(8)
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Saturation Scheme 1:

M =max{[&]}, 1<i<p

Scheme 2:
My = mas{[e(©)l). My = max{|5(6)]}

¢s(£) = MUJ Sat(¢(£)/M¢)7 68(5) = Mﬂ Sat(ﬁ(ﬁ)/Mﬂ)
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u=1,(6) — Bu(€) sat (i)
3, and 1, are globally bounded functions of &
Scheme 3:
M, = max{|:(€) — B(x) sat(s/p)|}

u = M, sat (Wi) = ﬂg\? sat(s/@)
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Output Feedback Controller
& = §z+1+ (?/ 51) 1<i<p—1

~

§ = ao(f)‘f‘bo(f) + (y &)

s* +ays”h 4+ ap_15 + a, is Hurwitz

u=(€), 75(£) is given by

Us(€) — B5(€) sat(~) or M, sat ( ) Sat(é/u)>

tlw

M,

u

~

kibi + &,

>
Il
E
gl
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Theorem 12.5

Let €2y be a compact set in the interior of {2, X a compact
subset of R, (1(0),£(0)) € Qo, and £(0) € X. Then, there
exists £*, dependent on p, such that for all £ € (0,£*) the
states (1)(t), £(t), £(t)) of the closed-loop system are bounded
for all t > 0 and there is a finite time 1", dependent on p, such
that (n(¢),£&(t)) € Q, for all ¢ > T'. Moreover, given any

A > 0, there exists £** > (, dependent on p and A, such that
for all € € (0,e™),

In(@) —me(BIf <A and |[£(E) = & @) <A, ViEe[0,T]

where (1,.(t),&,(t)) is the state of the closed-loop system
under state feedback with initial conditions 7,.(0) = 1(0) and

£(0) = £(0)
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Theorem 12.6

Suppose all the assumptions of Theorem 12.5 are satisfied.
Then, there exists p* > 0 and for each u € (0, 1*) there exists
e* > 0, dependent on g, such that for all € € (0,&%), the
origin of the closed-loop system under output feedback is
exponentially stable and €y x X is a subset of its region of
attraction
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Example 12.4 (Pendulum Equation)
0 + sin 6 + b = cu
0<b0<02 05<c<2

From Example 10.1:  w = —2(|x1| + |z2| + 1) sat (s/p)

stabilizes the pendulum at (6 = 7,6 = 0)

Suppose now that we only measure . In preparation for using
a high-gain observer, we will saturate the state feedback
control outside a compact set

Q= {laa| <c/bi} x {|s| <}, ¢>0,0<6 <1

Take ¢ = 27 and 0 = 0.8

Nonlinear Control Lecture # 35 Output Feedback Stabilization



|
|z1] < 2.5m, |xo] <457, Ve

Output Feedback Controller:

u=—2 <2.57T sat (%) + 4.57 sat (%) + 1) sat <%)

Simulation:

b=0.01, c=0.5,2,(0) = —7, 25(0) = 2;(0) =0

(o Figures (a) & (b)
%o(2) = —sin(#; + m) — 0.125 + 1.25u  Figures (c) & (d)
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