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Robust Stabilization of Minimum Phase Systems

Relative Degree One

η̇ = f0(η, y), ẏ = a(η, y) + b(η, y)u+ δ(t, η, y, u)

f0(0, 0) = 0, a(0, 0) = 0, b(η, y) ≥ b0 > 0

The origin of η̇ = f0(η, 0) is asymptotically stable

α1(‖η‖) ≤ V (η) ≤ α2(‖η‖)

∂V

∂η
f0(η, y) ≤ −α3(‖η‖), ∀ ‖η‖ ≥ α4(|y|)

Sliding Mode Control: Sliding surface y = 0

u = ψ(y) + v
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a(η, y) + b(η, y)ψ(y) + δ(t, η, y, ψ(y) + v)

b(η, y)

∣

∣

∣

∣

≤ ̺(y) + κ0|v|

0 ≤ κ0 < 1

β(y) ≥
̺(y)

1− κ0
+ β0

v = −β(y) sat

(

y

µ

)

u = ψ(y)− β(y) sat

(

y

µ

)

All the assumptions hold in a domain D
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Theorem 12.3

Define the class K function α by α(r) = α2(α4(r)) and
suppose µ, c > µ, and c0 ≥ α(c) are chosen such that the set

Ω = {V (η) ≤ c0} × {|y| ≤ c}, with c0 ≥ α(c)

is compact and contained in D. Then, Ω is positively invariant
and for any initial state in Ω, the state is bounded for all t ≥ 0
and reaches the positively invariant set

Ωµ = {V (η) ≤ α(µ)} × {|y| ≤ µ}

in finite time. Moreover, if the assumptions hold globally and
V (η) is radially unbounded, the foregoing conclusion holds for
any initial state
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Theorem 12.4

Suppose ̺(0) = 0 and the origin of η̇ = f0(η, 0) is
exponentially stable. Then, there exists µ∗ > 0 such that for
all 0 < µ < µ∗, the origin of the closed-loop system is
exponentially stable and Ω is a subset of its region of
attraction. Moreover, if the assumptions hold globally and
V (η) is radially unbounded, the origin will be globally
uniformly asymptotically stable
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Relative Degree Higher Than One

η̇ = f0(η, ξ)

ξ̇i = ξi+1, for 1 ≤ i ≤ ρ− 1

ξ̇ρ = a(η, ξ) + b(η, ξ)u+ δ(t, η, ξ, u)

y = ξ1

f0(0, 0) = 0, a(0, 0) = 0, b(η, ξ) ≥ b0 > 0

The origin of η̇ = f0(η, 0) is asymptotically stable

Partial State Feedback: Assume ξ is available for feedback

s = k1ξ1 + k2ξ2 + · · ·+ kρ−1ξρ−1 + ξρ
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With s as the output, the system has relative degree one and
the normal form is given by

ż = f̄0(z, s), ṡ = ā(z, s) + b̄(z, s)u+ δ̄(t, z, s, u)

z = col
(

η, ξ1, . . . ξρ−2, ξρ−1

)

Zero Dynamics (s = 0):

ż = f̄0(z, 0)
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ż = f̄0(z, 0)

⇔ η̇ = f0(η, ξ)
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∣

ξρ=−

∑ρ−1

i=1
kiξi

, ζ̇ = Fζ

ζ =











ξ1
ξ2
...

ξρ−1











, F =















0 1 0 · · · 0
0 0 1 · · · 0
...

...
0 · · · 0 1

−k1 −k2 · · · −kρ−2 −kρ−1















When ρ = n, the zero dynamics are ζ̇ = Fζ
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k1 to kρ−1 are chosen such that the polynomial

λρ−1 + kρ−1λ
ρ−2 + · · ·+ k2λ+ k1

is Hurwitz
α1(‖z‖) ≤ V (z) ≤ α2(‖z‖)

∂V

∂η
f̄0(z, s) ≤ −α3(‖z‖), ∀ ‖z‖ ≥ α4(|s|)

We have converted the relative degree ρ system into a relative
degree one system that satisfies the earlier assumptions

u = ψ(ξ) + v
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∣

∣

∣

ā(z, s) + b̄(z, s)ψ(ξ) + δ̄(t, z, s, ψ(ξ) + v)

b̄(z, s)

∣

∣

∣

∣

≤ ̺(ξ) + κ0|v|

Left hand side equals
∣

∣

∣

∣

∣

∑ρ−1

i=1
kiξi+1 + a(η, ξ) + b(η, ξ)ψ(ξ) + δ(t, η, ξ, ψ(ξ) + v)

b(η, ξ)

∣

∣

∣

∣

∣

β(ξ) ≥
̺(ξ)

1− κ0
+ β0, β0 > 0

u = ψ(ξ)− β(ξ) sat

(

s

µ

)

= γ(ξ)
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Saturation Scheme 1:

Mi = max
Ω

{|ξi|}, 1 ≤ i ≤ ρ

ψs(ξ) = ψ(ξ)

∣

∣

∣

∣

∣

∣

ξi=Mi sat

(

ξi
Mi

)

βs(ξ) = β(ξ)

∣

∣

∣

∣

∣

∣

ξi=Mi sat

(

ξi
Mi

)

Scheme 2:

Mψ = max
Ω

{|ψ(ξ)|}, Mβ = max
Ω

{|β(ξ)|}

ψs(ξ) =Mψ sat(ψ(ξ)/Mψ), βs(ξ) =Mβ sat(β(ξ)/Mβ)
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u = ψs(ξ)− βs(ξ) sat

(

s

µ

)

βs and ψs are globally bounded functions of ξ

Scheme 3:

Mu = max
Ω

{|ψ(ξ)− β(x) sat(s/µ)|}

u =Mu sat

(

ψ(ξ)− β(ξ) sat(s/µ)

Mu

)
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Output Feedback Controller

˙̂
ξi = ξ̂i+1 +

αi
εi
(y − ξ̂1), 1 ≤ i ≤ ρ− 1

˙̂
ξρ = a0(ξ̂) + b0(ξ̂)u+

αρ
ερ

(y − ξ̂1)

sρ + α1s
ρ−1 + · · ·+ αρ−1s+ αρ is Hurwitz

u = γs(ξ̂), γs(ξ̂) is given by

ψs(ξ̂)− βs(ξ̂) sat(
ŝ

µ
) or Mu sat

(

ψ(ξ̂)− β(ξ̂) sat(ŝ/µ)

Mu

)

ŝ =

ρ−1
∑

i=1

kiξ̂i + ξ̂ρ
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Theorem 12.5

Let Ω0 be a compact set in the interior of Ω, X a compact
subset of Rρ, (η(0), ξ(0)) ∈ Ω0, and ξ̂(0) ∈ X . Then, there
exists ε∗, dependent on µ, such that for all ε ∈ (0, ε∗) the
states (η(t), ξ(t), ξ̂(t)) of the closed-loop system are bounded
for all t ≥ 0 and there is a finite time T , dependent on µ, such
that (η(t), ξ(t)) ∈ Ωµ for all t ≥ T . Moreover, given any
λ > 0, there exists ε∗∗ > 0, dependent on µ and λ, such that
for all ε ∈ (0, ε∗∗),

‖η(t)− ηr(t)‖ ≤ λ and ‖ξ(t)− ξr(t)‖ ≤ λ, ∀ t ∈ [0, T ]

where (ηr(t), ξr(t)) is the state of the closed-loop system
under state feedback with initial conditions ηr(0) = η(0) and
ξr(0) = ξ(0)
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Theorem 12.6

Suppose all the assumptions of Theorem 12.5 are satisfied.
Then, there exists µ∗ > 0 and for each µ ∈ (0, µ∗) there exists
ε∗ > 0, dependent on µ, such that for all ε ∈ (0, ε∗), the
origin of the closed-loop system under output feedback is
exponentially stable and Ω0 ×X is a subset of its region of
attraction
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Example 12.4 (Pendulum Equation)

θ̈ + sin θ + bθ̇ = cu

0 ≤ b ≤ 0.2, 0.5 ≤ c ≤ 2

From Example 10.1: u = −2(|x1|+ |x2|+ 1) sat (s/µ)

stabilizes the pendulum at (θ = π, θ̇ = 0)
Suppose now that we only measure θ. In preparation for using
a high-gain observer, we will saturate the state feedback
control outside a compact set

Ω = {|x1| ≤ c/θ1} × {|s| ≤ c}, c > 0, 0 < θ1 < 1

Take c = 2π and θ = 0.8
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|x1| ≤ 2.5π, |x2| ≤ 4.5π, ∀ x ∈ Ω

Output Feedback Controller:

u = −2

(

2.5π sat

(

|x̂1|

2.5π

)

+ 4.5π sat

(

|x̂2|

4.5π

)

+ 1

)

sat

(

ŝ

µ

)

ŝ = x̂1 + x̂2
˙̂x1 = x̂2 + (2/ε)(x1 − x̂1), ˙̂x2 = φ0(x̂, u) + (1/ε2)(x1 − x̂1)

Simulation:

b = 0.01, c = 0.5, x1(0) = −π, x2(0) = x̂i(0) = 0

φ0(x̂) =

{

0 Figures (a) & (b)
− sin(x̂1 + π)− 0.1x̂2 + 1.25u Figures (c) & (d)
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