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Transition Between Set Points

7;, = f0(777 6)

& = &, 1<i<p-—1
ép = a(n7 5) + b(n7 g)u

y = &

Equilibrium point:

= fO(ﬁ)é.)
= &, 1<i<p—1

= a(7,€) + (1, )u
= 51

<L O O O
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Assume 0 = fo(77,£) has a unique solution 7 in the domain of

Interest = %@)7 U= ¢u(§)

By assumption (and without loss of generality)

¢p(0) =0,  ¢u(0)=0
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Goal: Move the system from equilibrium at y = 0 to
equilibrium at y = y*, either asymptotically or over a finite
time period

First Approach: Apply a step command

0, fort <0

Is this allowed 7

Take r=y*, fort>0
r® =0 fori>?2
n(0) =0, e(0)=—y", €(0)=0 fori>2
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The shape of the transient response depends on the solution
of
¢ =(A.— B.K)e
in feedback linearization
or the solution of

€1 1 €1
€2 .. (&)
= ] + s
ép,1 —kl —]Cp,1 €p—1 1

in sliding mode control
What is the impact of the reaching phase?
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Second Approach: Take r(t) as the zero-state response of a
Hurwitz transfer function driven by wu,
Typical Choice:

Qp

-1
SP 4+ a18P7 + +a, 15+ a,

Choose the parameters a; to a, to shape the response of r

r(0)=0 = €(0)=0 = €0)=0

Feedback Linearization:

e(0)=0 = e(t)=0

Sliding Mode Control:
e(0)=0 = €0)eQ, = et)ecQ, Vt>0
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The derivatives of r are generated by the pre-filter

1
z = z+ Uy
1
—a, —ay Qp
r = [ 1 ] z
r=2z1, T = Zo,...... e =2,
p
rP) = — g Ap—i12i + Al
i=1

Does 7(t) satisfy the assumptions imposed last lecture?
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Third Approach: Plan a trajectory (r(t),7(t),..., 7 (t)) to
move from (0,0,...,0) to (y*,0,...,0) in finite time T’

Example: p = 2
at? for0<t<Z
r(ty =< —9I% 4 qTt - o for L<t<T
% fort >T
4*
azﬁz = r(t)=y" fort>T
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@

at a(T-t)

2 2
ati2 —-aT“/4+aTt-at"/2
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Example 12.3 (Reconsider Example 13.1)

T, =19, To=—sinxr; —0.03xs+u, y=u

Move the pendulum from equilibrium at = = 0 to equilibrium
at x = col(m/2,0) Pre-Filter:

1 w — 0, fort <0
(rs+1)2° | % fort >0

u =sinz; + 0.03z5 + 7 — 9¢; — 3ey

Constraint . |u(t)] <2
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Output
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Nonlinear Control Lecture # 37

15

=02 =08
2
B 15
2
1
(]
05 ——output
- — —reference
0
2 3 4 5 2 3 4 5
1=02 =08
2
1
©
=
€ 0
=}
@]
-1
-2
2 3 4 5 2 3 4 5
Time Time

acking & Regulation



Robust Regulation via Integral Action

ﬁ = fO(T}v 57 U})
& = it 1<i<p-1
& = an, & w)+b(n, & wu
y = &

Disturbance w and reference r are constant

Equilibrium point:

0 = fO(ﬁvng)

0 Eit1, I<i<p-—1
0 = Cf(ﬁ; f_,w) +b(ﬁvng)a
r = &
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Assumption 13.5

0 = fo(7, &, w) has a unique solution 7 = ¢, (r, w)

CL("F],E,U}) def
b gw) e

Augment the integrator ¢éy =y —r

= —

€1 & —r
_ €2 13
£=1n—=1, €= = .
€p &p
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. _ def 7
z = fO(Z+77a£7w) = f0(2767r7 U))
éi = €it1, fOFOSZSp—l

ép = a(nv g? w) + b(na ga U))U
Sliding mode control:

s = koeg + k1eg + - - + k’pflepfl +e€,

Nk, AT 4+ A+ ko is Hurwitz

p—1
5= kieiv1 +a(n, &, w) +0(n, &, w)u
p—1

=0 1 A
Z kieir1 +a(n, §)
=0

U=v Oor U= — % +v

b(n,¢)
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$ = b(’l], fa ’UJ)U + A(nv 57 T, ’LU)

‘ A(n, &, r,w)
b(n, & w)

v = —B(n.£) sat <;) L BOLE) > o €)+ oy fho > 0

Assumption 13.6

ar(llz]l) < Vi(z,r w) < as(]2]))

‘ < o(n,§)

o
a—;fo(z,em w) < —as(zl), V2l = aa(llel])

Assumption 13.7

z = 0 is an exponentially stable equilibrium point of
Z = fo(2,0,7,w)
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Theorem 13.1

Under the stated assumptions, there are positive constants c,
p1 and py and a positive definite matrix P such that the set

Q= {Vi(2) < an(au(epa)} x {C"PC < prc®} x {|s] < c}

where ¢ = col(eg, e1,...,€,-1), is compact and positively
invariant, and for all initial states in 2

Jim Jy(t) —r[ =0
Special case: 3 =k (a constant) and u = v

u= —k sat (k‘oeo + k161 S oo F kp_lep_l + 6p>
M
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Example 13.4 (Pendulum with horizontal acceleration)

T1 = T9, To=—sinwy —brs+cu+dcosxy, y=x
d is constant. Regulate y to a constant reference r

0<b<0l, 05<c<2 0<d<05

€1 =71 —T, €2=2T2
ég=¢€1, €1 =ey, €3=—sinxr —bry+ cu-+ dcosz

s = e+ 2e; + e

$=e1+ (2—b)ey —sinxy + cu + dcosxy
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e1 + (2 — b)ey — sinxy + dcos

- le1| + 2|ea| + 14 0.5
- 0.5

c

eo+2e +e
u = —(2]e1| + 4|ez| +4) sat (012>

1
For comparison, SMC without integrator

s=e1+ey, $=(1—-0bleg—sinx; + cu+ dcoszy

u = —(2|ez| +4) sat ((31 i e2>
U

Simulation: With integrator (dashed), without (solid)
=01, 2(0) =0, r=m/2, b=0.03, c=1, d=0.3
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