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Lyapunov's Method

Let V' (z) be a continuously differentiable function defined in a
domain D C R™; 0 € D. The derivative of V' along the
trajectories of & = f(x) is

Viz) = 8—V:E = Za—Vfi(x)

— ox; " ox;
fi(z)
- oxr1’ Oz’ ) Oz
ov
= af(ﬂﬁ)
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If ¢(t;x) is the solution of & = f(x) that starts at initial state
z at time t = 0, then

d

Vi) = Vo)

V(x) is negative, V will decrease along the solution of
()

V(x) is positive, V will increase along the solution of

()

H—h
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a-h
I
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Lyapunov's Theorem (3.3)
m If there is V' (x) such that
V(0)=0 and V(z) >0, VazeDwithz#0

V(z) <0, VYzeD

then the origin is a stable
m Moreover, if

V(z) <0, Vaz&Dwithz#0

then the origin is asymptotically stable
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|
m Furthermore, if V(z) >0,V x # 0,

|z|| > 00 = V(z) = o0

and V(x) <0,V z # 0, then the origin is globally
asymptotically stable
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Proof

0<r<e B,={|z]| <r}

a = min V(z) >0

llz||=r

0<f<a
Qp={x e B, |V(z) <S5}
|lz|| <6 = V(z)<p
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Solutions starting in Q5 stay in Q3 because V(z) < 0in Qg

z(0) € Bs = x(0) € Qp = x(t) € Qp = z(t) € B,

|z(0)]] <d=|lz(t)|| <r<e Vt>0

= The origin is stable

Now suppose V(z) <0V x € D, x #0. V(x(t) is
monotonically decreasing and V' (z(t)) > 0
tlim V(z(t)) =c >0 Show that ¢ =0
— 00

Suppose ¢ > 0. By continuity of V' (x), there is d > 0 such
that B; C Q.. Then, z(t) lies outside By for all ¢ > 0
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— 1%
v Jnax (z)

t
V(x(t)) = V(x(0)) +/ V(a(r)) dr < V(z(0)) =1

0

This inequality contradicts the assumption ¢ > 0
= The origin is asymptotically stable

The condition ||z|| = co = V(z) — oo implies that the set
Q.={z e R" | V(x) <c} is compact for every ¢ > 0. This is
so because for any ¢ > 0, there is r > 0 such that V(z) > ¢
whenever ||z|| > r. Thus, Q. C B,. All solutions starting €2,

will converge to the origin. For any point p € R", choosing
¢ = V(p) ensures that p € Q.

= The origin is globally asymptotically stable
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Terminology

V(0)=0, V(z) >0 foraz#0

Positive semidefinite

V(0)=0, V(z) >0 forz#0

Positive definite

Negative semidefinite

()

(z)
V(0)=0, V(z) <0foraz#0
V(0)=0, V(z) <0 forz#0

Negative definite

|z]| = 00 = V(z) = o0

Radially unbounded

Lyapunov’ Theorem

The origin is stable if there is a continuously differentiable
positive definite function V() so that V(z) is negative
semidefinite, and it is asymptotically stable if V(x) is negative
definite. It is globally asymptotically stable if the conditions
for asymptotic stability hold globally and V' (z) is radially

unbounded
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A continuously differentiable function V' (z) satisfying the
conditions for stability is called a Lyapunov function. The
surface V(z) = ¢, for some ¢ > 0, is called a Lyapunov surface
or a level surface

Co

C1<Cy<C3
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Why do we need the radial unboundedness condition to show
global asymptotic stability?

It ensures that Q2. = {V(z) < ¢} is bounded for every ¢ > 0.
Without it €. might not bounded for large ¢

X1

Wi
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Example: Pendulum equation without friction

T1 = To, Ty = — asin

V(z) =a(l —coszy) + 123

V(0) =0 and V() is positive definite over the domain
—2r <1 <21

V(x) = atysinx; + x9@y = axe sinxy — axgsinz; = 0

The origin is stable

Since V() = 0, the origin is not asymptotically stable
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Example: Pendulum equation with friction

T1 = Tog, To = — asinz; — bxy

1
V(z) =a(l —cosxzy) + 5:63

V(:c) = aZ) sinx; + Todo = — baj
The origin is stable

V() is not negative definite because V() = 0 for 25 = 0
irrespective of the value of x;
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The conditions of Lyapunov's theorem are only sufficient.
Failure of a Lyapunov function candidate to satisfy the
conditions for stability or asymptotic stability does not mean
that the equilibrium point is not stable or asymptotically
stable. It only means that such stability property cannot be
established by using this Lyapunov function candidate

]
Try

V(z) = sa"Pr+a(l—cosay)

- oz 2o 2]

+a(l —cosz
D12 P22 T2 ( 1)

P11 >0,  pupra —ply >0
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V(x) = (p1171 + p12x2 + asinzy) o
+ (p121 + p2ows) (—asinzy — bay)
= a(l — py2)xgsinx; — apiaxy Sin 4
+ (p11 — p12b) 129 + (P12 — P22b) $§
P2 =1, pi1=bpiz = 0<p2 <b, Take pip = b/2
Viz)=— Labay sinz; — $ba3
D = {|zy| < 7}

V (x) is positive definite and V(z) is negative definite over D.
The origin is asymptotically stable
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N
Variable Gradient Method

V(@) = S5 5(@) = ()0
g(x) =VV = (0V/0x)"

Choose g(z) as the gradient of a positive definite function
V(z) that would make V'(z) negative definite

g(x) is the gradient of a scalar function if and only if

0gi _ dg,
&xj 6x, ’

Viji=1,....n
Choose g(z) such that g7 (z)f(x) is negative definite
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Compute the integral

V(:v)z/ dy—/ Zg@ dy;
0
over any path joining the origin to x; for example

1 T2
V(l’) = / gl(ylaoa"'a()) dy1+/ g2(x17y2707"'70> dy2

0 0

+ o +/ gn(xlﬂx%"')xn—layn) dyn
0

Leave some parameters of g(z) undetermined and choose
them to make V' (z) positive definite
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Example 3.7

.’I'Jl = T2, ZI.}2 = —h($1> — ATy

a > 0, h() is locally Lipschitz,
h(0) =0; wyh(y)>0Vy#0, ye€(=bec), b>0 ¢c>0

991 _ 992
81:2 (9(1}1
V(z) = gi(z)xy — go(x)[h(21) + axy] <0, forz#0

V(z) = /OmgT(y) dy >0, forx #0
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_ | ¢1(@1) + ()
ny 9(@) = G2(w1) + 2(72)

To satisfy the symmetry requirement, we must have

o1 _ 9o
8952 8951

¢1(£If2) = VT2 and ¢2($1) = Y1

Vi) = —vyzih(zy) — azgthe(x2) + a2
+ xo01(x1) — ayx1x9 — Yo (w2)h (1)
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|
To cancel the cross-product terms, take

1/12(.132) = 5$2 and ¢1([L’1) = ayTry + (5h(l‘1)

| avzy 4+ 0h(x1) + y22
g(z) = [ Yx1 + 0o

V(z) = / Zl[avyl + 0h(y1)] dyr + / (a1 + dy2) dys

0

= —cwxl S5 (5/ y) dy + yx120 + 63:2

ay 7
= §xTPJ:+5/ h(y) dy, P:{,y 5]
0
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V(z) = %g;TPeré/Oxl h(y) dy, P = { aj g ]
V(z) = —yaih(z1) — (a6 — 7)z3

Choose 0>0 and 0<7vy<ad

If yh(y) > 0 holds for all y # 0, the conditions of Lyapunov’s
theorem hold globally and V' (z) is radially unbounded

Nonlinear Control Lecture # 5 Stability of Equilibrium Points



