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Local Observers

&= f(&,u) + Hly — h(z)]

r= f(r,u) = f(&,u) = H[h(z) — h(2)]
We seek a local solution for sufficiently small ||Z(0)]]

Linearization at £ = O:

e
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Steady-state solution:
0= f(xssa uss)7 0= h(xss)

Assumption: given £ > 0, there exist §; > 0 and d5 > 0 such
that

|2(0) — zl] <91 and  Ju(t) —uss|| < d2 VE> 0

= |x(t) —zgs]| <eViE> 0
of oh
A - %(xssauss)a C - %(xss)

Assume that (A, C) is detectable. Design H such that
A — HC is Hurwitz
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e
Lemma 11.1

For sufficiently small ||Z(0)||, ||#(0) — zss||, and
SUP¢>q llu(t) — ussl,

lim Z(t) =0

t—o00

f(xvu)if(iUU') Al gii(xiajzu) do Z
||f(.’IJ,’U,)*f(£,U)*Af|| =

11y P 9 .
/0 [aﬁ(a: —0Z,u) — %(x,u) I 8—£(x7u) - &];(xss,uss)] do 7

< Li(GIaEl + [z = zall + llu — w1 2]
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-
Ih(z) = h(2) = CZ|| < La(G 12| + |z — sl [|2]]

i=(A—-HC)%+ Az, u, )
1A, u, )| < k|| Z]|* + kale + ) |2
P(A—HC)+ (A—HC)TP=—1I
V =#TP%
V < —[lE)1% + caka|E]® + cakale + 62) 1 E])?

V S —%‘|Zf||2, for 041{31“{2‘” S % and C4k‘2(€ i 52) S %
For sufficiently small ||Z(0)]|, &, and 0, the estimation error
converges to zero as t tends to infinity
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e
The Extended Kalman Filter

= f(x,u), y = h(z)
&= f(i,u)+ H(t)y — h(@)]

T = f(o,u) — f(&,u) — H(t)[h(z) - h(1)]
Expand the right-hand side in a Taylor series about z = 0 and
evaluate the Jacobian matrices along &

T =[A®t) — Ht)Ct)i+ A(Z, z,u)
A(t) = 5 @M, ut),  Ct) = 5-(2(1))
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e
Kalman Filter Gain:
H(t)=Pt)CTt)R!
P=AP+ PAT +Q — PCTR'CP, P(ty) = Py

Py, @ and R are symmetric, positive definite matrices
Assumption 11.1: P(t) exists for all ¢ > ¢, and satisfies
ozlng(t)Sag], Oéz‘>0

Remarks:
m Assumption 11.1 cannot be checked offline

m The observer and Riccati equations are solved
simultaneously in real time
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Lemma 11.2

There exist positive constants ¢, k, and A such that

IZO)l<c = Z@)I < ke, Vit 20

1o 0 :
/0 [8£(0i+:i,u) = a{:(@,u)] do xH < L7

/01 [?(ai—l—i’) = @(g:«)] do &

< L3
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el = e -2)

<G| + Zatiel + 2

IA@, z,w)ll < ku|Z)* + ksl 2]

al <Pt)<apl & azl < P'(t) <aul, a; >0
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V = #FP i+ iTP s+ @T%Plf
= #'P Y A- PCTR'O)%
+ 37 (AT - C*R™'CP)P &
—ZTP'PP '+ 2T P'A
— #zTPY(AP + PAT — PCTR™!CP - P)P i
—#TCTR™'Cz + 22T PIA
= —#T(P'QP '+ CTR'C)z + 25T P A

V < —cr||Z))? + cokr || F| P + coka|Z||*

V< —gallzl?,  for |7 <7

Nonlinear Control Lecture # 12 Nonlinear Observers and Output Feedback Stabilization



Example 11.1

i = Ajz + B1[0.25z779 + 0.25in2t], y=Cix

Alz[_ol _12} Blzm, Ci=[1 (]

Investigate boundedness of z(t)

131
PA+ATP =—-1 = P1_§L 1]

V(z) = 2T Pix

Nonlinear Control Lecture # 12 Nonlinear Observers and Output Feedback Stabilization



V = —zTz+227P B[0.252%2, + 0.2sin 2t]
< —llzf*+0. 5HP131H£L?H£L'H2 + 0.4 Py By |]| ]

2
T
= —l=l* + =ll=ll* +

HfL'H
2v/2 \f
1zl for a2 < V2
\/Q 9 1=

V2
1 o] P 'L 0}
Q={V(z) <V2} C {2} < v2}

< —0.5||=[* +
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]
Inside 2

Vo< —0.5]z|* + f||w||

0.4
< —0.15)z]?, V¥ =] > 0

35v/2
Amaz(P1) = 17071 = (0.8081)*A\paa(P1) < V2

= 0.8081

= {|lz|| £0.8081} C Q2
= (2 is positively invariant

Design EKF to estimate x(t) for z(0) €
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0 1
A =1 1 4 0551(0)3(8) —2+0.2582(1)
C=[1 0]

Q=R=P0)=1

P=AP+PAT+1-PCTCP, P(0)=1

P — {pn p12}
P12 P22
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1 = Za+puly— 1)
Ty = —&1 — 28y + 0.258785 + 0.25in 2t + pra(y — £1)
P = 2pp+1-—pi
P12 = pu(—1+0.58185) + p1a(—2 + 0.25%7)

+ P22 — P11P12
Pa2 = 2p12(—1+0.52182) + 2pga(—2 + 0.255%)
+1—piy
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(b)

1
= Pyy
§ T 0.8
i S 06
c g p
S < 22
2 g 04
£ g 02
g E
© p12
-0.2
-04
0 1 2 3
Time Time
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N
Global Observers

Observer Form:

&= Az +Y(u,y), y=Cx

(A, C') observable
T = A +(u,y) + H(y — C#)

=x—I

=

r=(A-HO)&
Design H such that A — HC' is Hurwitz
limy_00Z(t) = 0, vV z(0)
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&= Az +¥(u,y) + d(z,u), y=Czx
[o(x, u) — ¢z, u)|| < Lz — ]
z = Ai +Y(u,y) + ¢(2,u) + Hy — Ci)
= (A—HC)i+ ¢(x,u) — (2, u)
P(A—HC)+ (A— HC)'P = —1, V =3'Pi
V = =iz + 22" Plp(z,u) — ¢(&,u)] < —[|Z[* + 2L P|l]|Z[|?

1
L<—— = lim,s&t) =0 V&0)
2(|P| -
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High-Gain Observers
T = X9, To = ¢(x,u), Y =1
1 =&+ ha(y — 1), 2 = ¢o(#,u) + ha(y — 1)
|0(2,u) — ¢(z, u)| < Lz — 2| + M
i = A,d + Bé(, 7, u)

AO_|::Z; (1):|7 B—|:(1):|7 5:¢5(:c,u)—gb0(@,u)

Design h; and hy such that A, is Hurwitz
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]
Transfer function from ¢ to Z:

1 1
Gols) =
(8) 82—|—h18+h2|:3+h1:|

We can make sup,,cp ||Go(jw)|| arbitrarily small by choosing
hy > hy > 1
o

a
b = —, he = =, ekl
€ €

Go(s) = : [ : }

(es)2 + ares+ay | €5+ ax

ll_r}(l) Go(s) =0
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x -
m=— T2 = T2
€

en = Fn+eBj, where F:[:Z; (1]}

PF+FTp=_], V =nTPn

0] < Lljz|| + M < Liin|| + M

3%

—nTn + 2enT PBY
< —lnll* +2eLIIPB|llInl* + 2e M| PB][In]
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eL|PB| < = eV < —3lnl*+2eM|PBIl|nll

1
4

In(@®)]| < max {ke=/*|[n(0)||, ecM},  Vt>0

Peaking Phenomenon:
21(0) # £1(0) = m(0) = O(1/¢)

The solution will contain a term of the form (1/¢)e /¢
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Example 11.1 (revisited)

T1 = Xo, Tog = —X1 — 2%9 + axfm + bsin 2t, Y=

a=0250b=02 and Q = {1.522 + 2,25 + 0.523 < /2} is
positively invariant

; L, 2 N
1 = X9+ g<y — .1'1)
. - 1
i‘g = —i‘l — 21?2 + &jf%i‘z + bsin 2t + —2(y — Zi‘l)
£
m Case 1: ¢ =0.25 and b= 0.2 (Figures (a) and (b))
m Case 2: a =b =0 (Figures (c) and (d))
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X, and Estimates
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General case:

w = folw,z,u)

B o= w0, T, ), for1<i<p-—-1
T, = ¢(w,z,u)

y = 1

7
|wi('x17 cee ,.CL'Z',U) - wi(zla .. '7Ziau)| S LZZ |£L'k - Zk|
k=1

Li‘z‘ = .’2’@'_’_1 —|—lp1(i'1, . ,i‘z‘,U) + —(y — .’131)

X ~ (67 ~
T, = ¢o(T,u)+ 8—Z(y — I)
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aq to «, are chosen such that the roots of

s +aps” M+t a, s+, =0

have negative real parts

|¢(wv$vu) - ¢0($,U)| <M
|¢0($,U) - ¢0(£.7u)| < LH:U - ‘%H
[¢(w, 2, u) — do(#, u)| < Lo — 2| + M

Lemma 11.3

For sufficiently small &

b
g1

|7 < max{ e"ate, €p+l_iCM}
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.

T — 2 _ Tp—1 = Tp—1 - 2
sy eee s M1 = y TN = Tp — Tp

m =
gr1 €

en=Fn+ed(w,z,%,u)

§= C01(51752a e ,5p), 617 = ¢(wax)u) - ¢0(£au)

7
|6:] < Lizgi_kmh 1<i<p-1
=1

—Q 1 0 0
—ay 0 1 0

F =
—Qp1 0 1

—a, 0 - - 0
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For e < ¢&*
161l < Lslnll + M

V=n'Py, PF+F'P=—-]
eV = —nTn + 2enT P§

eV < —nl® + 2¢|| PI| Lsl|nl* + 2¢| P | M| |||
For || P||Ls < 1,

eV < —slnll* + 2¢[| Pl MI[nll < —llnl®, ¥ lInll = 8¢|| PllM
By Theorem 4.5, |n(t)|| < max {ke*"/%||n(0)||, ecM}

| < e |n]
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Output Feedback Stabilization: Linearization

gt:f(x,u), y:h(m)7 f(O,O)ZO, h(o):O

&= Ax + Bu y=Cx

0 0 oh
a= o gl g O
ax z=0,u=0 au z=0,u=0 81’ =0
Design a linear output feedback controller:
2= Fz+ Gy, u=Lz+ My
such that the closed-loop matrix
[ A+ BMC BL ] is Hurwitz
GC F
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Closed-loop system:
@ = f(x,Lz+ Mh(z)),  i=Fz+Gh(z)

Linearization at the origin (x = 0, z = 0) results in the

Hurwitz matrix A+ BMC BL
GC F

By Theorem 3.2, the origin is exponentially stable
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