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Passivity-Based Control

In Section 9.6 we saw that if the system
T = f(z,u), y = h(x)

is passive (with a positive definite storage function) and
zero-state observable, it can be stabilized by

u=—¢(y), ¢0)=0, y'oy)>0, Vy#0

Suppose the system
oh

i=fleu),  §= 7 fau) € h,u)

is passive (with a positive definite storage function V'(x)) and
zero state observable
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s
T7s+ 1

TW = —w + y, z=(—w+y)/T
MIMO systems

TZ'LUZ = —W; + Yi, Zi = (—wz + yi)/Ti, for 1 S 7 S m

Note that . .
Tizi = — % + Yi

Nonlinear Control Lecture # 13 Output Feedback Stabilization



Lemma 12.1

Consider the system
T = f(x,u), y = h(z)
and the output feedback controller

u; = —@i(2:), T =—wi+y,  z=(—wi+yi)/n

7, >0, ¢;(0) =0, z¢i(2;)) >0V 2, #0

Suppose the auxiliary system

x':f(x,u), y:h(xvu)

is
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m passive with a positive definite storage function V()
. 151%
uTg'/EV:%f(x,u), Y (x,u)
m zero-state observable
withu =0, 9(t) =0 = z(t) =0

Then the origin of the closed-loop system is asymptotically
stable. It is globally asymptotically stable if V() is radially
unbounded and [ ¢;(0) do — o0 as |z] — oo
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W(zx,z)=V(z)+ Zn /Ozi ¢i(0) do

i=1

W=V+3 noiz)s <dTy— 3 zgi(z) —u”
i=1 ‘

W

Apply the invariance principle
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Example 12.2 (m-link Robot Manipulator)

M(q)i+C(q,4)q+ D+ glq) = u

M=M">0, (M-2C)"=—(M-2C), D=D">0
Stabilize the system at ¢ =¢,, e=q¢—¢q,, € =g
M(q)é+ C(q,q)é + Dé + g(q) = u

u=g(q) — Kye+v, [K,=K,>0]
M(q)é+ C(q,q)é + Dé+ Kpe = v, y=-e

V =1"M(q)é + Je" Kpe
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V =1¢"M(q)é + 3¢ Kpe

V =1"(M —20)é —¢"Dé — " Kpe + é"v+ " Kpe < ¢"v
Is it zero-state observable? Set v = 0

Et)=0 = é(t) =0 = Kpe(t) =0 = e(t) =0

7',’[11z = —w; +e€;, 2z = (—aiw,- aF ei)/Ti7 for 1 < 7 <m

u=g(q) — Kp(qg—q) — Kqz

K is positive diagonal matrix. Compare with state feedback

u=g(q) — Kp(q — ¢-) — Kad
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N
Observer-Based Control

j::f(x,u), y:h<l‘)

State Feedback Controller: Design a locally Lipschitz u = ()
to stabilize the origin of

&= f(z,7(r))

Observer:
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Design H such that = g(z, %) has an exponentially stable
equilibrium point at £ = 0 and there is Lyapunov function
Vi(Z) such that

- e OV _ A% -
alld < Vi < alalf, Sho < —allt, | 52| < cll
u=7(%)

Closed-loop system:
&= f(x,y(x — T)), T =g(x,T) (%)
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Theorem 12.1

m If the origin of & = f(x,v(x)) is asymptotically stable, so
is the origin of (%)

m If the origin of & = f(x,v(x)) is exponentially stable, so
is the origin of (%)

m If the assumptions hold globally and the system
& = f(x,v(x — Z)), with input Z, is ISS, then the origin
of (%) is globally asymptotically stable
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High-Gain Observers

j;l = T2, 332:¢(x,u), Yy=2a1
State feedback control: u = «(x) stabilizes the origin of
iy =9, 9= P(z,7(x))
High-gain observer

&1 =2+ (/o) (y — 1), &2 = do(&,u) + (0n/e)(y — £1)
¢o is a nominal model of ¢, a;; >0, 0 <e K 1

b
|Z1] < max {be‘“t/‘g7 EZCM}7 |Zo| < {—e_at/ev 5CM}
€
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|
The bound on Z5 demonstrates the peaking phenomenon,
which might destabilize the closed-loop system

Example:

. _ . _ 3 _
T = T, To9 = Ty + U, Y =2

State feedback control:

U:—{L’g—fl'l—{[g

Output feedback control:

u = —JA,’S — i’l — ]A,’Q
Br=dr+ (2/e)(y—#1), &= (1/%)(y — &)
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Closed-loop system under state feedback:

. 0 1
T = Ax, A= [_1 _1}

PA+ATP=—T = P = [1‘5 0‘5}

05 1

Suppose z(0) belongs to the positively invariant set
Q= {V(z) <0.3}

lu| < |zo|® + |21 + 2] <0.816, Yz €Q

Saturate v at +1
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u = sat(—23 — &1 — i)
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Region of attraction under state feedback:
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Region of attraction under output feedback:

e = 0.08 (dashed) and & = 0.01 (dash-dot)
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Analysis of the closed-loop system:

Ty
€T

T2 iy = ¢(z,y(r—1))
—a1m + e ey = —aom +ed(z,T)
' _ou/e

O(e)
Al
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General case

w = P(w,z,u)
o = mi + 0T, T ), 1<i<p-—-1
T, = ¢(w,z,u)
=
z = q(w,)

$(0,0,0) =0, 1(0,0,0)=0, ¢(0,0)=0

The normal form and models of mechanical and
electromechanical systems take this form with

%Z"'Z%ZU

Why the extra measurement 27
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Stabilizing state feedback controller:

= I, z,2), u=~,z,z)

~ and I" are globally bounded functions of x

Closed-loop system

X = f(X), X =collw,z,v)

Output feedback controller
9= ', z,z), uw=~,z,z2)
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Observer

B = :@-H+¢i(:@1,...,@,u)+%(y—@l),
1<1<p—-1

i, = ¢0(z,i,u)+%(y—i1)

€ >0 and a; to o, are chosen such that the roots of

s +a1s" 4t a, st a,=0

have negative real parts
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Separation Principle

Theorem 12.2

Suppose the origin of X = f(X) is asymptotically stable and
R is its region of attraction. Let S be any compact set in the
interior of R and Q be any compact subset of R”. Then,
given any p > 0 there exist €* > 0 and 7™ > 0, dependent on
w, such that for every 0 < ¢ < ¢*, the solutions (X'(t), Z(t)) of
the closed-loop system, starting in S x Q, are bounded for all
t > 0 and satisfy

|X@O <p and (@) <p, VEZTT

X)) - %O <p VE=20
where X, is the solution of X = f(X), starting at X'(0)
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|
If the origin of X = f(X) is exponentially stable, then the
origin of the closed-loop system is exponentially stable and

S x Q is a subset of its region of attraction
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Robust Stabilization of Minimum Phase Systems
Relative Degree One
n=folny),  §=alny)+bnyu+itny,u)
f0(0>0) =0, a’(oa 0) =0, b(%@/) >by >0
The origin of 7 = fy(n,0) is asymptotically stable

ar([nll) < V(n) < es((lnl])

oV
a_nf(’("’y) < —ag(llnll), ¥ lInll = cu(yl)

Sliding Mode Control: Sliding surface y =0
u=1y(y)+v
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a(n,y) +b(n,y)(y) + d(t,n,y,¥(y) +v)
b(n,y)

< o(y) + rolv|

All the assumptions hold in a domain D
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Relative Degree Higher Than One

ir.] = fO(n:S)
fi = §i+17 forlgzgp—l

& = a(n, &) +bm,Ou+d(t,n, & u)
y = &

f0(070) = 07 CL(0,0) = 07 b(77>€) > bO >0

The origin of 7 = fy(n, 0) is asymptotically stable
Partial State Feedback: Assume ¢ is available for feedback

s=ki& + koo + -+ ko181 + &
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With s as the output, the system has relative degree one and
the normal form is given by

2= fo(z,s), s=al(z,s)+b(z,s)u+0(t z,s,u)

z = col (777 617 s 6p727 fpfl)
Zero Dynamics (s = 0):

z= fT()(Z> O)
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z= f()(zv 0)
& = fo(n,¢ , (=F¢
= ki ]
0 1 0 - 0
gl o 0 1 - 0
c=|7 |, F=|: 5
= ki —ko - —kpo —kp

When p = n, the zero dynamics are C = F(
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k1 to k,_; are chosen such that the polynomial

N7 by g N 724 R+ Ey

SR 2D < V) < ool
oV -
T als) < —alal) ¥ 2] 2 (sl

We have converted the relative degree p system into a relative
degree one system that satisfies the earlier assumptions

u=Y(§) +v
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a(z,s) +b(z, 8)Y(§) +6(t 2,5, ¥(§) +v)
b(z,s)

Left hand side equals
S0 ki + a(n,€) 4 b(n, ©)$(§) + 6(t,m, &, () + v)
Ui

< 0(§) + Kolv|

+507 BO>O

u=(€) — B(E) sat (2)

Saturate 3 and ¢
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