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Normal form:

77 = fO(nag)

& = &, for1<i<p-1
& = a(n,§) +bn,u
y = &
neD,C R &=coll&,...,§) € D: C R
Tracking Problem: Design a feedback controller such that

Jim y(1) — r(1)] =0

while ensuring boundedness of all state variables
Regulation Problem: r is constant

Nonlinear Control Lecture # 14 Tracking & Regulation



-
Assumption 13.1

b(n76)260>07 VWGDmgeDg

Assumption 13.2

1 = fo(n,§) is bounded-input—bounded-state stable over
Dn X D§

Assumption 13.2 holds locally if the system is minimum phase
and globally if 7 = fy(n, &) is 1SS

Assumption 13.3

7(t) and its derivatives up to 7(")(¢) are bounded for all t > 0
and the pth derivative r(¥)(t) is a piecewise continuous
function of t. Moreover, R = col(r,7,...,r"~V) € Dy for all
t>0
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The reference signal r(t) could be specified as given functions
of time, or it could be the output of a reference model

Example: For p =2

2

Wn,

$2 4+ 2Cwps + w?’

(>0, w,>0

T = Y2, Yo = —W§y1 — 2Cwnys + wium =1
7‘1 = Y2, ,r == 2]2

Assumption 13.3 is satisfied when u.(t) is piecewise
continuous and bounded
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Change of variables:

e =& —r, 62252—7”(1)7 ceey ep:é'p_r(pil)
7.] = fO(nag)
éi = €11, fOI’lSZSp—l
¢ = a(n,&)+b(n,u—r?
Goal: Ensure e = col(ey, ..., e,) =& — R is bounded for all

t > 0 and converges to zero as t tends to infinity

Assumption 13.4

r, v, ..., 7 are available to the controller (needed in state
feedback control)
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Feedback controllers for tracking and regulation are classified
as in stabilization

m State versus output feedback
m Static versus dynamic controllers
m Region of validity
m local tracking
m regional tracking
m semiglobal tracking
m global tracking
Local tracking is achieved for sufficiently small initial states
and sufficiently small ||R||, while global tracking is achieved
for any initial state and any bounded R.
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Practical tracking: The tracking error is ultimately bounded
and the ultimate bound can be made arbitrarily small by
choice of design parameters

m local practical tracking

m regional practical tracking

m semiglobal practical tracking
m global practical tracking
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Tracking

1= fo(n,&), é=Ace+ B, [a(n,§)+b(n,g)u_r(p)]
Feedback linearization:

u=[—a(n,&) +r? +v] /b(n,£)
n= fo(n,&), e = A.e+ B
v=—Ke, A,— B.K is Hurwitz
ﬁ:fO(n7§)7 €= (AC_BCK)e
A, — B.K Hurwitz = e(t) is bounded and lim;_, e(t) =0

= ¢ =e+ R is bounded = n is bounded
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Example 13.1 (Pendulum equation)

.I.'1:ZL'2, ZtQZ—SiIl‘Z'l—b.TQ‘i‘CU, Yy =a

We want the output y to track a reference signal 7(t)

e =T — T, €y =Xo — T
é1:€2, égZ—SiHZ'l—bIQ‘i‘CU—’F
1. . .
u = —[sinx; + bxg + 7 — k1e; — koea)
@

K = [ky, ko] assigns the eigenvalues of A, — B.K at desired
locations in the open left-half complex plane
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]
Simulation

r =sin(t/3), x(0) = col(xr/2,0)

Nominal: b = 0.03,¢c =1 Figures (a) and (b)
Perturbed: b = 0.015,¢= 0.5 Figure (c)
Reference (dashed)

Low gain: K = [1 1], A=—-05 + 50.5v/3, (solid)

High gain: K = [9 3], A= —1.5+£ j1.5V/3, (dash-dot)
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(b)

Output

Control




Robust Tracking

77 - f0(7775)

éi = €1, 1<i<p-—-1
& = a(m,&) +b(n, u+s(t,n, & u)—r(t)

Sliding mode control: Design the sliding surface
€i = €iy1, 1<i<p-1
View e, as the control input and design it to stabilize the
origin
€p = _(klel + -+ k,,_lep_l)
N4 kp,l)\”_2 + -+ + ky is Hurwitz
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S = (k:lel SR k‘p_lep_l) + €p = 0

p—1

§=) kieier +a(n, &) +b(n, u+ 5(t,n, & u) — (1)

=1

—_

U=v0ru=—

S
—~
=
I
~—

p—1
[Z kiei +a(n, &) —rP(t)| +v

i=1

§= b(T], 5)1) + A(ta 7, 67 U)

A(t,n, &, v)
b(n,¢)

o= B(n.€) sat (;) C B©) =

< o(n,&) + kolv|, 0<ko<1

o(n, )
(1 — /‘io)

Suppose

+ﬁ07 BO>O
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55 < —Pobo(1 — ro)lsl, [s[ = p

¢ =coller,...,ep1), (¢ =(Ac— BK)(+ Bes
—_——
Hurwitz

Vo=(¢"P¢, P(A.— B.K)+ (A.—B.K)"P=-1I

Vo = —¢T¢+2("PB.s < —(1-0)|[¢|I, Y [I¢| = 2/|PB.|| s]/¢
0<f<1l Foro>p
{ICll < 2/PB.|| 0/0} € {¢"PC < A (P)(2||PBe]| /0)*0%}

P1 = AmaX(P)(2||PBCH/9)27 cC> W
Q= {¢"P¢ < pi?} x {|s| < ¢} is positively invariant
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For all e(0) € ©, e(t) enters the positively invariant set
Q= {C"PC < pipr} x {]s| < i}

Inside 2,,, el < b

k=|LP?|\/pi, L=1[1 0 ... 0]
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Example 13.2 (Reconsider Example 13.1)
€1 = es, €9 = —sinxy — bry + cu — ¥
r(t) =sin(¢/3), 0<b6<0.1, 05<c<2
s=e1+ e
§=ey—sinxy —bro+cu—7=(1—-bleyg —sinzy — brr —F

(1—">b)eg —sinxy — brr — 7 < lea] +1+0.1/34+1/9

0.5

u = —(2|ea] + 3) sat (61 i e2>
u

C
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|
Simulation:
MO 2 0.1, 2(0) = col(n/2,0)
b=0.03, ¢c =1 (solid)
b= 0.015, ¢ = 0.5 (dash-dot)

Reference (dashed)
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Output

0 0.2 0.4 0.6 0.8 1
Time Time
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Robust Regulation via Integral Action

ﬁ = fO(T}v 57 U})
& = it 1<i<p-1
& = an, & w)+b(n, & wu
y = &

Disturbance w and reference r are constant

Equilibrium point:

0 = fO(ﬁvng)

0 Eit1, I<i<p-—1
0 = Cf(ﬁ; f_,w) +b(ﬁvng)a
r = &

Nonlinear Control Lecture # 14 Tracking & Regulation



Assumption 13.5

0 = fo(7, &, w) has a unique solution 7 = ¢, (r, w)

CL("F],E,U}) def
b gw) e

Augment the integrator ¢éy =y —r

= —

€1 & —r
_ €2 13
£=1n—=1, €= = .
€p &p
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. _ def 7
z = fO(Z+77a£7w) = f0(2767r7 U))
éi = €it1, fOFOSZSp—l

ép = a(nv g? w) + b(na ga U))U
Sliding mode control:

s = koeg + k1eg + - - + k’pflepfl +e€,

Nk, AT 4+ A+ ko is Hurwitz

p—1
5= kieiv1 +a(n, &, w) +0(n, &, w)u
p—1

=0 1 A
Z kieir1 +a(n, §)
=0

U=v Oor U= — % +v

b(n,¢)
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$ = b(’l], fa ’UJ)U + A(nv 57 T, ’LU)

‘ A(n, &, r,w)
b(n, & w)

v = —B(n.£) sat <;) L BOLE) > o €)+ oy fho > 0

Assumption 13.6

ar(llz]l) < Vi(z,r w) < as(]2]))

‘ < o(n,§)

o
a—;fo(z,em w) < —as(zl), V2l = aa(llel])

Assumption 13.7

z = 0 is an exponentially stable equilibrium point of
Z = fo(2,0,7,w)

Nonlinear Control Lecture # 14 Tracking & Regulation



Theorem 13.1

Under the stated assumptions, there are positive constants c,
p1 and py and a positive definite matrix P such that the set

Q= {Vi(2) < an(au(epa)} x {C"PC < prc®} x {|s] < c}

where ¢ = col(eg, e1,...,€,-1), is compact and positively
invariant, and for all initial states in 2

Jim Jy(t) —r[ =0
Special case: 3 =k (a constant) and u = v

u= —k sat (k‘oeo + k161 S oo F kp_lep_l + 6p>
M
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Example 13.4 (Pendulum with horizontal acceleration)

T1 = T9, To=—sinwy —brs+cu+dcosxy, y=x
d is constant. Regulate y to a constant reference r

0<b<0l, 05<c<2 0<d<05

€1 =71 —T, €2=2T2
ég=¢€1, €1 =ey, €3=—sinxr —bry+ cu-+ dcosz

s = e+ 2e; + e

$=e1+ (2—b)ey —sinxy + cu + dcosxy
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e1 + (2 — b)ey — sinxy + dcos

- le1| + 2|ea| + 14 0.5
- 0.5

c

eo+2e +e
u = —(2]e1| + 4|ez| +4) sat (012>

1
For comparison, SMC without integrator

s=e1+ey, $=(1—-0bleg—sinx; + cu+ dcoszy

u = —(2|ez| +4) sat ((31 i e2>
U

Simulation: With integrator (dashed), without (solid)
=01, 2(0) =0, r=m/2, b=0.03, c=1, d=0.3
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Output Feedback

Tracking:
o= fo(n,§)
€ = €1, 1<i<p-1

& = a(n, &) +b(n, u+d(t,n,&u)—r? ()
Regulation:
77 = fo(ﬁ»f»w)
& = &g, I<i<p-—1
& = a(n&w)+b(n & wu
y = &

m Design partial state feedback control that uses ¢
m Use a high-gain observer
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Tracking sliding mode controller:

w= (e s (B0 bt )
W

Regulation sliding mode controller:

u=—B(¢) sat (’foeo ket ke + ep)

L
€g=€1=Y—T

B is allowed to depend only on & rather than the full state
vector. On compact sets, the 7-dependent part of o(n, &) can
be bounded by a constant
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High-gain observer:

X A % A .
6 = ei+1+€—;(y—r—el), 1<i<p-—1
X (67 ~

€p = g_g(y_r_el)

)\p+041)\p’1+---+04p,1)\+ap Hurwitz
e —é
£ 2E=¢+R

~ ~

BE) — Ps(§) (saturated)
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Tracking:
~ ke oot k6 2
u:—ﬁs(f)sat(lel_'_ + p—1€p 1+€p)
L
Regulation:

u = —Bu(€) sat (koeo +hkier+-+kpae, 1+ é,,)

1
We can replace ¢é; by e;

Special case: When f, is constant or function of é rather
than &, we do not need the derivatives of r, as required by
Assumption 13.4
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The output feedback controllers recover the performance of
the partial state feedback controllers for sufficiently small €. In
the regulation case, the regulation error converges to zero

Relative degree one systems: No observer

v (y;T>’ u=—f(y)sat (%)
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