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-
Time-varying Systems

T = f(t, )
f(t,z) is piecewise continuous in ¢ and locally Lipschitz in x
forallt >0 and all z € D, (0 € D). The origin is an
equilibrium point at ¢t = 0 if
f(£,0)=0, Vi>0

While the solution of the time-invariant system
&= f(z), x(t) =10
depends only on (¢ — tg), the solution of
&= f(t,x), x(to) = o

may depend on both ¢ and ¢,



Comparison Functions

m A scalar continuous function a(r), defined for r € [0, a),
belongs to class K if it is strictly increasing and «(0) = 0.
It belongs to class Iy, if it is defined for all » > 0 and
a(r) — oo as r — 0o

m A scalar continuous function (r, s), defined for r € [0, a)
and s € [0, 00), belongs to class KL if, for each fixed s,
the mapping ((r, s) belongs to class IC with respect to r
and, for each fixed r, the mapping ((r, s) is decreasing
with respect to s and (r,s) — 0 as s — o0
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Example 4.1

m or) = tan~!(r) is strictly increasing since
a'(r)=1/(1+r%) > 0. It belongs to class K, but not to
class Ko since lim, o a(r) = 7/2 < o0

m ar) =r° ¢ >0, is strictly increasing since
a'(r) = cre=! > 0. Moreover, lim, ., a(r) = oo; thus, it
belongs to class Ko

m or) = min{r,r?} is continuous, strictly increasing, and
lim, . (r) = 0o0. Hence, it belongs to class K. It is
not continuously differentiable at » = 1. Continuous
differentiability is not required for a class I function
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m [(r,s) =r/(ksr + 1), for any positive constant k, is
strictly increasing in 7 since

o8 1

el B
or  (ksr+1)2 -

and strictly decreasing in s since

aB —kr?

oy
0s  (ksr+1)2 <

B(r,s) — 0 as s — oo. It belongs to class KL

m [(r,s) = r°e”*, with positive constants a and ¢, belongs
to class KL
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Lemma 4.1

Let oy and ay be class K functions on [0, a;) and [0, as),
respectively, with a; > lim,_,,, as(r), and § be a class KL
function defined on [0, lim,_,,, as(7)) X [0, 00) with

a; > lim, 4, B(aa(r),0). Let a3 and ay be class K
functions. Denote the inverse of a; by a;'. Then,

m ;' is defined on [0, lim,_,,, a;(r)) and belongs to class
K

a3 ' is defined on [0, 00) and belongs to class Ko

ay © iy is defined on [0, as) and belongs to class K

a3 0 ay is defined on [0, 00) and belongs to class K,
o(r,s) = ay(B(az(r), s)) is defined on [0, az) x [0, 00)
and belongs to class KL
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Lemma 4.2

Let V : D — R be a continuous positive definite function
defined on a domain D C R™ that contains the origin. Let
B, C D for some r > 0. Then, there exist class IC functions
a; and «w, defined on [0, 7], such that

a([|lzl]) < V() < as(flzf])

forall z € B,. If D = R" and V/(z) is radially unbounded,
then there exist class I functions «; and a» such that the
foregoing inequality holds for all x € R"
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Definition 4.2

The equilibrium point x = 0 of & = f(¢,x) is
m uniformly stable if there exist a class K function @ and a
positive constant ¢, independent of %y, such that

le@)] < alllz(to)ll), V>t >0, ¥V [z(t)]l < c

m uniformly asymptotically stable if there exist a class KL
function 5 and a positive constant ¢, independent of ¢,
such that

lz@)] < Blz(to)ll, t —to), VE =10 20, V [lz(ho)]| < ¢

m globally uniformly asymptotically stable if the foregoing
inequality is satisfied for any initial state z(%y)
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m exponentially stable if there exist positive constants ¢, k,
and X such that

lz(®)]] < kllz(to) e, ¥ [la(to)ll <

m globally exponentially stable if the foregoing inequality is
satisfied for any initial state x(ty)
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Theorem 4.1

Let the origin z = 0 be an equilibrium point of & = f(¢, x)
and D C R"™ be a domain containing x = 0. Suppose f(t,x)
is piecewise continuous in ¢ and locally Lipschitz in z for all
t>0and z € D. Let V(¢,x) be a continuously differentiable
function such that

Wi(x) < V(t,z) < Wy(x)

ov. oV

I <

R EACEOR

for allt > 0 and = € D, where Wi (z) and Wy(x) are
continuous positive definite functions on D. Then, the origin

is uniformly stable
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Theorem 4.2

Suppose the assumptions of the previous theorem are satisfied

with
ov oV
AT < —W.

for all t > 0 and x € D, where W5(z) is a continuous positive
definite function on D. Then, the origin is uniformly
asymptotically stable. Moreover, if r and ¢ are chosen such
that B, = {|jz]| < r} C D and ¢ < min|g=, Wi(z), then
every trajectory starting in {Ws(x) < ¢} satisfies

le@I < B(lx(to)ll, ¢ —t0), V=to>0

for some class KCL function S. Finally, if D = R"™ and W;(z)
is radially unbounded, then the origin is globally uniformly
asymptotically stable
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Theorem 4.3

Suppose the assumptions of the previous theorem are satisfied
with

kallz]|* < V(£ ) < ko]

av oV

o o
forallt > 0 and x € D, where kq, ko, k3, and a are positive
constants. Then, the origin is exponentially stable. If the
assumptions hold globally, the origin will be globally
exponentially stable

- f(t,x) < —kslz]®
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Terminology: A function V (¢, x) is said to be
m positive semidefinite if V(¢,2) >0
m positive definite if V(¢,2) > Wi(x) for some positive
definite function Wi (x)

m radially unbounded if V'(¢t,z) > Wi (z) and W(z) is
radially unbounded

m decrescent if V (¢, z) < Wy(z)
m negative definite (semidefinite) if —V (¢, z) is positive
definite (semidefinite)
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Example 4.2

t=—[1+g@®)]z* gt)>0 V t>0

Vit,r) = —[1+g@t)z* < —2*, VzeR, Vt>0
The origin is globally uniformly asymptotically stable

Example 4.3

T — T — g(t)%, Tog = T1 — T2

0<g(t) <k and g(t) <g(t), Vt=0
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|
V(t,z) = 23+ [L + g(t)]z>
i+ 25 <V(t,z) <22+ (1+k)z3, VzeR?
V(t,x) = =222 + 2z129 — [2 4 2g(t) — §(t)]x2
2+2g(t) — g(t) > 2+29(t) — g(t) > 2
V(t,x) < —222 + 2zy2p — 222 = — 27 [ _? _; } x
The origin is globally exponentially stable
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Perturbed Systems

Nominal System:

Perturbed System:
&= f(z)+gt,z), g(t,0)=0

Case 1: The origin of the nominal system is exponentially
stable
allzl* < V() < colf||?

8V
f(@) < —cs]lz]®

H H < ez
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Use V/(z) as a Lyapunov function candidate for the perturbed
system

VﬁﬂOZEE(@+—;(@@

Assume that
lg(t, )| <All=ll, >0

V(t,x)

IN

—cs|l|® +

v
ox

ool

—esll )l + cavfll?

IN
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C3
< —
Cq

V(t,x) < (e —yea) |l

The origin is an exponentially stable equilibrium point of the
perturbed system
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Example 4.4

&= Az +g(t,x); Ais Hurwitz; |lg(t, )] < 7|z
RQ=Q" >0, PA+ATP=-Q; V(z)=2"Pz
Amin(P)][2]1* < V(%) < Aax(P) ]|

oV T 2
— < — .
o Arx = —2" Qr < —Apin(Q) |||

ov
|| = 122" Pall < 2P Ullal < 2Pl

V(t,2) < =A@l + 2Amax (P) ||

)\min(Q)
2Amax (P)

The origin is globally exponentially stable if v <
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Example 4.5

il i)
i‘Q = —41'1 — 21’2 == ,61'%, ﬁ Z 0

T = Az + g(x)

A=) o]

The eigenvalues of A are —1 :I:j\/g

3 1

2 8
PA+ ATP=—-] = P=

5 =
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|
ov

V(z) = ' Pz, %Ax = —z'x
cs=1, c1=2||P| = 2\max(P) = 2 x 1513 = 3.026
lg(@)]| = Bla2]?

g(x) satisfies the bound ||g(x)|| < 7||z|| over compact sets of
x. Consider the compact set

Q={V@) <c={a"Pr<c}, c¢>0

ks = max |zo] = max [[0 1]z
zT Px<c zT Pz<c

= Ve |[[0 1]P7?|| = 1.8194y/c
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|
ko = max [[0 1]z| = 1.8194+/c

2T Px<c

lg(z)|| < B c (1.8194)%||z||, V z € Q.

lg@) < Allzll, YzeQ, v=p8c(18194)

<8 4 B < L gL
TS 3.026 x (1.8194)%¢ ¢

B<01l/c = V(z)<—(1-108c)|z|>

Hence, the origin is exponentially stable and €2, is an estimate
of the region of attraction
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|
Alternative Bound on £:

V(e) = —llzl®+2e"Pg(z) < —|lz|®+ 5823 (2 5]x)
—|la||? + Y& B3 x|

Over Q., 22 < (1.8194)%c

Viz) < —<1—@@(1.8194)2c) ]2

— 2

If 5 < 0.448/c, the origin will be exponentially stable and €2,
will be an estimate of the region of attraction
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Remark

The inequality 8 < 0.448/c shows a tradeoff between the
estimate of the region of attraction and the estimate of the

upper bound on (8
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Case 2: The origin of the nominal system is asymptotically
stable

V(t,x) = f( )+ 8—Vg(t z) < —Ws(x H—g (t, )

Under what condition will the following inequality hold?

< Wg(l’)

ov

Special Case: Quadratic-Type Lyapunov function

ov

-
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V(t,x) < —c36?(x) + cag(a) g (t, )]

. C
If |lg(t, z)|| <~é(x), withy < i

V(t,x) < —(c3 — ca)¢* ()
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Example 4.6

b=~ + g(t,)

V(x) = 2 is a quadratic-type Lyapunov function for & = —x?

o) =z}, c3=4, c1=4
Suppose |g(t, z)| < y|z’, VYo, withy <1

V(t,x) < —4(1 = )¢ (x)

Hence, the origin is a globally uniformly asymptotically stable
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R —m—S————————

A nominal system with asymptotically, but not exponentially,
stable origin is not robust to smooth perturbations with
arbitrarily small linear growth bounds

Example 4.7

x:—x?’—l—vx

The origin is unstable for any v > 0
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