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Passivity: Memoryless Functions

y y y
u u u
@ (b) (©)
Passive Passive Not passive

y = h(t,u), hel0,o0]

Vector case: y = h(t,u), h' = [ hi, hay -y Ry ]

power inflow =¥ wy; = uTy
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Definition 5.1
y = h(t,u) is
m passive if uly >0
m lossless if uly =0
m input strictly passive if u”y > u”p(u) for some function
¢ where ul'p(u) >0, V u # 0
m output strictly passive if u’y > 47 p(y) for some function
p where yTp(y) >0,V y #0
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Sector Nonlinearity: & belongs to the sector [a, 5]

(h € [a, f]) if

au? < uh(t,u) < pu?

y=Bu
y
y=adu
u
@& a>0 (b) a<oO

Also, h € (a,p], hela,B), he(a,p)
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au? < uh(t,u) < Bu?® < [h(t,u) — au][h(t,u) — Bu] <0

Definition 5.2

A memoryless function h(t, ) is said to belong to the sector
m [0, 00] if uTh(t,u) >0
m (K, 00 if ul[(t,u) — Kju] >0
m [0, K] with Ky = KI' > 0if BT (¢, u)[h(t,u) — Kou] <0
m Ky, Ko with K = Ky — K; = KT > 0 if

[h(t,u) — Kyu]" [h(t,u) — Kyu] <0
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A function in the sector [K;, K] can be transformed into a
function in the sector [0, o] by input feedforward followed by
output feedback

- -
O &~ y=ht,w) |—C)
+ ‘

Ky

1
Ky, K| Feediward 0, K] K—) 0, 1] Feed—b)ack 0, 00]
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Passivity: State Models

The system

T:f(T,U), y:h(rau)
is passive if there is a continuously differentiable positive
semidefinite function V' (x) (the storage function) such that

OV
T
> = —
uy>V Ee (z,u), Y (x,u)

Moreover, it is

m lossless if uTy =V

m input strictly passive if uZy > V + u¢(u) for some
function ¢ such that uZp(u) >0, V u # 0

m output strictly passive if uTy > V + y”p(y) for some
function p such that yTp(y) >0,Vy#0

m strictly passive if uTy > V + v(z) for some positive
definite function
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-
ab = Y=z
V(r)=12> = uy=V = Lossless
=, y=x+h(u), hel0, o0
V(z) =1a* = uy=V+uh(u) = Passive

he (0,00 = uh(u)>0Vu#0

= Input strictly passive
z = —h(z) +u, y==x, hel0,o00]
V(z)=12> = uy=V+yh(y) = Passive

h € (0,00] = Output strictly passive
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-
Example 5.3

T =u, y=h(z), hel0,ox]
V(z) = / h(c) do = V =h(z)t =yu = Lossless
0
at = —r + u, y=h(z), helo, o]

V(z) = a/ox h(o) do = V = h(z)(—z 4 u) = yu — zh(z)

yu="V +zh(z) = Passive

h € (0,00] = Strictly passive
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Example 5.4

T1 = T, e = —h(x1) — axgy + u, y=bry+u

h € [a,00], a>0, b>0, «a;>0

1
V(iz) = a/ h(c) do + taz” Pz
0
= a/ h(o) do + Sa(puz] + 2p12z122 + paax)
0

a>0, pn>0, pups—pip>0
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uy — V = u(bzy + u) — afh(zy) + pr1z1 + pra®a) s
— a(p12%1 + paaxa)[—h(z1) — azs + U]

Take poo = 1, p11 = api2, and a = b to cancel the cross
product terms

uy —V > bpra (061 = ibpu) 23 + b(a — p12)73
pi2 = ak, 0<k < min{l,4a;/(ab)}

= p11 > 0, prpa —piy >0
= bp12 (Oél — ibpm) > 0, b(a —p12> >0

= Strictly passive
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Positive Real Transfer Functions

Definition 5.4

An m x m proper rational transfer function matrix G(s) is
positive real if
m poles of all elements of G(s) are in Re[s] <0
m for all real w for which jw is not a pole of any element of
G(s), the matrix G(jw) + GT(—jw) is positive
semidefinite
m any pure imaginary pole jw of any element of G(s) is a
simple pole and the residue matrix lim,_,;,(s — jw)G(s)
is positive semidefinite Hermitian
G(s) is strictly positive real if G(s — ) is positive real for
some € > (
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-
Scalar Case (m = 1):
G(jw) + G'(—jw) = 2Re[G(jw)]

Re[G(jw)] is an even function of w. The second condition of
the definition reduces to

Re[G(jw)] >0, Vw € [0,00)

which holds when the Nyquist plot of of G(jw) lies in the
closed right-half complex plane

This is true only if the relative degree of the transfer function
IS zero or one
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An m x m proper rational transfer function matrix G(s) is
strictly positive real if and only if

m G(s) is Hurwitz

B Gjw)+GT(—jw) >0, VweR

m G(0) + GT(c0) > 0 or

lim w?™ 9 det[G(jw) + GT(—jw)] > 0

w—>r00

where ¢ = rank[G(oo) + GT(00)]
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Scalar Case (m = 1): G(s) is strictly positive real if and only if

m G(s) is Hurwitz
B Re[G(jw)] >0, Vw e [0,00)
m G(o0) > 0or

lim w?Re[G(jw)] > 0

w—00
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Positive Real Lemma (5.2)

Let
G(s)=C(sI - A)'B+D

where (A, B) is controllable and (A, C') is observable. G(s) is
positive real if and only if there exist matrices P = P > 0, L,

and W such that

PA+ATP = —L"L
PB = Cct-L'w
WIW = D+ DT
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Kalman-Yakubovich-Popov Lemma (5.3)

Let
G(s)=C(sI - A)'B+D

where (A, B) is controllable and (A, C') is observable. G(s) is
strictly positive real if and only if there exist matrices
P=PT >0, L, and W, and a positive constant ¢ such that

PA+ATP = —L"L—¢P
PB = C"-L'W
W'W = D+ D"

Nonlinear Control Lecture # 6 Passivity and Input-Output Stability



R —m—S————————

The linear time-invariant minimal realization
& = Ax + Bu, y=Cx+ Du

with
G(s)=C(sI —A)™'B+D
is
m passive if G(s) is positive real
m strictly passive if G(s) is strictly positive real

Apply the PR and KYP Lemmas, respectively, and use
V(z) = 327 Pz as the storage function

Nonlinear Control Lecture # 6 Passivity and Input-Output Stability



Connection with Stability

If the system

T = f(x,u), y = h(x,u)

is passive with a positive definite storage function V' (z), then
the origin of © = f(x,0) is stable

ov ov
Ty > 2= - <
uTy > Sof(ou) = o f(@.0) <0
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R —m—S————————

If the system
T = f(z,u), y = h(z,u)

is strictly passive, then the origin of & = f(z,0) is
asymptotically stable. Furthermore, if the storage function is
radially unbounded, the origin will be globally asymptotically
stable

The storage function V' (x) is positive definite

Wy 2 (e, +9@) = G0 S 4@
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Definition 5.5

The system
gt:f(x,u), y:h(x,u)

is zero-state observable if no solution of & = f(x,0) can stay
identically in S = {h(z,0) = 0}, other than the zero solution
xz(t) =0

Linear Systems
T=Az, y=0Cx

Observability of (A, C) is equivalent to

y(t) = Cez(0) =0 © z(0)=0 < z(t)=0
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.

If the system
&= f(z,u), y=h(z,u)

is output strictly passive and zero-state observable, then the
origin of © = f(z,0) is asymptotically stable. Furthermore, if
the storage function is radially unbounded, the origin will be
globally asymptotically stable

The storage function V() is positive definite

5} 5}
Wy 2 o) o) S Sof@0) <~y o)

V(z(t) =0 = y(t)=0 = z(t) =0

Apply the invariance principle
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Example 5.8

&1 =12, By=—axs —kzo4+u, y=1x5, a, k>0

V(z) = %ax% + %x%

V = azlry + zo(—axd — kxo +u) = —ky? + yu
The system is output strictly passive
yt) =0 & 2(t) =0 = axi(t) =0 = z,(t) =0

The system is zero-state observable. V' is radially unbounded.
Hence, the origin of the unforced system is globally
asymptotically stable
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-
L Stability

Input-Output Models: y=Hu

u(t) is a piecewise continuous function of ¢ and belongs to a
linear space of signals

m The space of bounded functions: sup,- ||u(t)|| < oo
m The space of square-integrable functions:

S ut (t)u(t) dt < oo

Norm of a signal ||ul|:
mul|>0and |ul| =0 & u=0
m |aul|| = al|lu|| for any a > 0
m Triangle Inequality: [Ju; + ua|| < ||| + [Juz]|
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L, spaces:

Lo Nullzw = sup [[u(t)]] < oo
>0

Lo e, = \// W (B)u(t) dt < oo

1/p
£, ||u||cp—(/ ||u<>||pdt) coo, 1<p<oc
0

Notation L' p is the type of p-norm used to define the space
and m is the dimension of u
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Extended Space: L. ={u|u, € L,V 7€ [0,00)}

uT(t):{ u(t), 0<t<r

u. is a truncation of wu:
T 0, t>7

L. is a linear space and L C L,

u ¢ Lo but u, € L
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Causality: A mapping H : L* — L2 is causal if the value of
the output (Hu)(t) at any time ¢ depends only on the values
of the input up to time ¢

(Hu), = (Huy),

Definition 6.1
A scalar continuous function g(r), defined for r € [0, a), is a

gain function if it is nondecreasing and ¢(0) =0

A class K function is a gain function but not the other way
around. By not requiring the gain function to be strictly
increasing we can have g = 0 or g(r) = sat(r)
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Definition 6.2

A mapping H : L' — L% is L stable if there exist a gain
function g, defined on [0, c0), and a nonnegative constant
such that

|(Hu): ||z < g(|urllz) + 8, VueLlland T €0, 00)

It is finite-gain L stable if there exist nonnegative constants ~
and [ such that

l(Hu), |l < Allurllc+ 6, VueLlland T € 0,00)

In this case, we say that the system has £ gain <. The bias
term [ is included in the definition to allow for systems where
Hu does not vanish at u = 0.
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-
L Stability of State Models

i = f(z,u), y=h(zu), 0= f(0,0), 0= h(0,0)

Case 1: The origin of & = f(x,0) is exponentially stable

Theorem 6.1

Suppose, Y [|z|| < r, V ||ul] < 7y,

allzl* < V(z) < eflz]®
ov ov
. < _ 2 < 1
5 F(@,0) < —asllal?, H - H < cilol

1S (2, w) = f(2, 0[] < Lilull,  [|h(z, w)l| < mllzll + nellul

Then, for each o with ||zo|| < 7v/c1/ca, the system is
small-signal finite-gain L, stable for each p € [1, c0]. It is
finite-gain £, stable V zy € R" if the assumptions hold
globally  [see the textbook for 4 and 7]
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Example 6.4

i=—z— 23 +u, y=tanhx +u

Finite-gain £, stable for each z(0) € R and each p € [1, o0]

Example 6.5

T1 =Xy, Ty =—T1 —xy—atanhx; +u, y=x1, a>0

V(z) = 2" Pz = p11a] + 2p12z1 22 + o)
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vV = *21712(1% + axy tanh 1) + 2(p11 — P12 — P22) 122
— 2apaoxs tanh z1 — 2(pag — pu)x§

P11 = P12+ pee =  the term xyz5 is canceled

P =2p12o =1 = P is positive definite

V= —3:% - x% — ax tanh 7 — 2ax, tanh z;

V < —|lz|* + 2a]a1] [w2] £ ~(1 = a)=]®

a<1l=c;=Anin(P),c2 = Anax(P),c3=1—a,cy = 2¢y
L=nm=1 mnn=0

For each z(0) € R?, p € [1, 00|, the system is finite-gain L,
stable
7 = 2Dmax(P)?/[(1 = @) Amin(P)]
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Case 2: The origin of & = f(x,0) is asymptotically stable

Theorem 6.2

Suppose that, for all (x,u), f is locally Lipschitz and & is
continuous and satisfies

17z, W)l < ga(llzl) + g2(llull) +2, 7 =0

for some gain functions g1, go. If & = f(z,u) is ISS, then, for
each z(0) € R", the system

i‘:f(l"u)’ y:h(x,u)

is L, stable
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Example 6.6

i =—x—22° + (14 z)u?, y=x2+u

ISS from Example 4.13
gl(r) :T27 QQ(T) =T 77:0

L, stable
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Example 6.7
L 3 S 3 _
Ty = —2] + T2, To=—T1 — Ty + U, Y =T+ X2

V=@l+12) = V=-2%— 222+ 250

7y + 75 > gllz]*

Vo< o+ 2llu
= —(1=O)llall* - Bllall* + 2lalljul, 0<6<1
a 2l 1/3
< —(=0)lallt, Va2 (%) = 155

a(r)=v2r, ¢=0, n=0

L stable
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