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Passivity Theorems

Theorem 7.1

The feedback connection of two passive systems is passive

Let Vi(z1) and V5(z2) be the storage functions for H; and H,
(V; =0 if H; is memoryless )

ely; > Vi, V(z) = Vi(z1) + Va(zo)

ety +egya = (ur —y2) Y + (uz +y1) v = ui y1 + ugys
Uy Y1
u = , =
=)
Wy=uly+uiyp >Vi+ V=V

Nonlinear Control Lecture # 7 Stability of Feedback Systems



Asymptotic Stability

Theorem 7.2
Consider the feedback connection of two dynamical systems.
When u = 0, the origin of the closed-loop system is
asymptotically stable if one of the following conditions is
satisfied:
m both feedback components are strictly passive;
m both feedback components are output strictly passive and
zero-state observable;
m one component is strictly passive and the other one is
output strictly passive and zero-state observable.

If the storage function for each component is radially
unbounded, the origin is globally asymptotically stable
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H, is SP; Hy is OSP & ZSO
€1Ty1 > Vl+¢1(371), Yi(z1) >0, Vo, #0
eXya > Vo + ya pa(ya), Ys p(y2) > 0, Vo #0
eTyr 4+ eXyy = (ur — o) yn + (w2 + 1) Tve = uFyr +ulyy
V(x) = Vi(x1) + Va(za)

1%4 < uTy — Y1 (x1) — ?JzTP2(y2)
u=0 = V < —1(z1) — y2TP2(y2)
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V < —ti(21) — y3 pa(ye)
V=0 = ry=0and y, =0
Yy(t) =0 = () =0 (& x(t)=0) = wn(t)=0
yi(t) =0 = ex(t) =0
By zero-state observability of Hy: ys(t) =0 = x5(t) =0

Apply the invariance principle
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Example 7.1

Ty = Ty T3 = T4
iy = —azd—kryt+e iy = —brz—z5+em
h = 22 Y2 = T4
A A g
Vv Vv
Hy Ho
a, b, k>0
1.4, 1.2
Vi = jax; + 515
j 3 3 2 2
Vi = ax{zy — axize — kx5 + 2061 = —ky; + y1€1

Withe; =0, y1(t) =0 & 23(t) =0 = z1(t) =0

H, is output strictly passive and zero-state observable
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_1p.2 1.2
Vo = 5bas + 5

: 4 4
Vo = brswy — brsry — Ty + T4 = —Yyo + Y2€2

With e =0, 3%(t) =0 & x4(t) =0 = x3(t) =0
H, is output strictly passive and zero-state observable

V1 and V4 are radially unbounded

The origin is globally asymptotically stable
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Theorem 7.3

Consider the feedback connection of a strictly passive
dynamical system with a passive time-varying memoryless
function. When u = 0, the origin of the closed-loop system is
uniformly asymptotically stable. if the storage function for the
dynamical system is radially unbounded, the origin will be
globally uniformly asymptotically stable

Let Vi(x1) be (positive definite) storage function of H;.

oV

V1 o 1f1(l’17€1) < 61 Y1 — i(71) = _6592 — 1 (z1)

ey >0 = W < —1)1(z1)
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Example 7.4

Consider the feedback connection of a strictly positive real
transfer function and a passive time-varying memoryless
function

From Lemma 5.4, we know that the dynamical system is
strictly passive with a positive definite storage function
V(z)=1z"Px

From Theorem 7.3, the origin of the closed-loop system is
globally uniformly asymptotically stable
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Theorem 7.4

Consider the feedback connection of a time-invariant
dynamical system H; with a time-invariant memoryless
function Hs. Suppose H; is zero-state observable, Vi () is
positive definite

efyr > Vi +yF o (), €5 Yo > €3 pa(e2)

Then, the origin of the closed-loop system (when u = 0) is
asymptotically stable if

v [o1(v) + pa(v)] >0, Vv #0

Furthermore, if V] is radially unbounded, the origin will be
globally asymptotically stable
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Example 7.5

T = f(x)+G(z)e
y = h() | e

0(0) =0, elo(e) >0, Vey#0

Suppose H; is zero-state observable and there is a radially
unbounded positive definite function V;(x) such that

oVy Vi T
Zva < v — n
o (x) <0, 5 G(z)=h'(x), Vz€R
. oV oV;
V= a—; (x) + a—;G(x)el < leel
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Apply Theorem 7.4: _
Vi < €1T3/1

elyr > Vi+ylpi(y1) s satisfied with  p; =0

62Ty2 = 650(62)

eXys > el py(e) s satisfied with ¢, = o
v o1 (v) + pa(v)] = vTo(v) >0, Vou#0

The origin is globally asymptotically stable
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The Small-Gain Theorem

Uy €1 U1
44_’@—> Hy

+

Y2 €9 + U2
Hy O

HleHL: S ’ylHeer,C + /617 V e € ‘CZ% V TE [07 OO)

||y27'”£ S 72||€2TH£ + 527 \V/ €2 S [‘g7 \V/ T E [07 OO)
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Theorem 7.7

The feedback connection is finite-gain L stable if 7175 < 1
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Absolute Stability

r=20 +mu
N

Definition 7.1

The system is absolutely stable if the origin is globally
uniformly asymptotically stable for any nonlinearity in a given
sector. It is absolutely stable with finite domain if the origin is
uniformly asymptotically stable
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Circle Criterion

Suppose G(s) = C(sI — A)"'B + D is SPR, 1 € [0, 0]

z = Ax+ Bu
y = Cx+ Du

By the KYP Lemma, 3 P =PT >0, L,W,e >0
PA+ATP = —LTL —¢P

PB = OT—LTW
WTW = D+ DT
V(r) = 12" Px

2
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V = "Pi+ii"Pa
12" (PA+ ATP)z + 2" PBu

— LT Ly — lea"Pr+ 2" (CT — L"W)u
= — W'L"Le— lea" Po+ (Co+ Du)'u

—u'Du—2"L"Wu

u"Du = tu"(D+ D"u = u" W Wu

V= — jea Pe— (Lo + Wu) (L + Wu) — y"0(t, y)

T : T
y vty >0 = VS—%&“:E Px

The origin is globally exponentially stable
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What if ¢ € [K7, 00]?

y G(s)

¥ € [0, 00]; hence the origin is globally exponentially stable if
G(s)[I + K1G(s)]"* is SPR
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What if ?/} S [KlKQ]?

X G(s) o Gs)rt K Hclﬁ:»

)€ [0, o0]; hence the origin is globally exponentially stable if
I+ KG(s)[I + K1G(s)]!is SPR
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I+ KG(S)I+ K G(s)] ' = [I + K,G(s)|[I + K1G(s)] ™"

Theorem 7.8 (Circle Criterion)

The system is absolutely stable if

m ¢ € [K;,00] and G(s)[I + K1G(s)]"! is SPR, or

m ) € [Ky, Ky and [T + Ky,G(s)][I + K,G(s)]7!is SPR
If the sector condition is satisfied only on a set Y C R™, then
the foregoing conditions ensure absolute stability with finite
domain
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Scalar Case: ¥ € [, 8], B> «

The system is absolutely stable if

M is Hurwitz and
1+ aG(s)
1+ BG(jw)
Re [1+aG(jw) >0, Ywe]l0,ox)]
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Casel: aa>0

By the Nyquist criterion

1+ BG(s) 1 N BG(s)
1+aG(s) 1+aG(s) 14 aG(s)

is Hurwitz if the Nyquist plot of G(jw) does not intersect the
point —(1/a) 4 j0 and encircles it p times in the
counterclockwise direction, where p is the number of poles of
G(s) in the open right-half complex plane

L+ BGGw) 5 +G(jw)

N S el L 50
1+ aG(jw) L+ G(jw)
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5 +G(jw)
L+ G(jw)

67

Re >0, Ywe]l0,x)]

The system is absolutely stable if the Nyquist plot of G(jw)
does not enter the disk D(a, ) and encircles it p times in the
counterclockwise direction
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Theorem 7.9

Consider an SISO G(s) and ¢ € [«, 5]. Then, the system is
absolutely stable if one of the following conditions is satisfied.

0 < a < 3, the Nyquist plot of G(s) does not enter the
disk D(a, B) and encircles it p times in the
counterclockwise direction, where p is the number of
poles of G(s) with positive real parts

0 =a < f, G(s) is Hurwitz and the Nyquist plot of G(s)
lies to the right of the vertical line Re[s] = —1/p.

a <0< f, G(s) is Hurwitz and the Nyquist plot of G(s)
lies in the interior of the disk D(«, f3).

If the sector condition is satisfied only on an interval [a, b],
then the foregoing conditions ensure absolute stability with
finite domain
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Popov Criterion

t=Ax+ Bu, y=Cxr
(A, B) controllable, (A, C') observable
uip=—vi(yi), ¥ €0k, 1<i<m, (0<k<o0)

G(s)=C(s[—A)'B

F:diag(717-~-77m)7 M:dlag(l/kh al/km)
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Theorem 7.10

The system is absolutely stable if for 1 <7 < m,
¢¢€[0,ki], 0<k <o

and there is v; > 0, with (1 4+ A\yy;) # O for every eigenvalue
A, of A, such that

M + (I +sI')G(s) is SPR

If the sector condition ©; € [0, k;] is satisfied only on a set
Y C R™, then the system is absolutely stable with finite
domain
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Scalar case

% + (14 s7)G(s)

is SPR if G(s) is Hurwitz and

£+ RelG(jw)] — 7 mlG(jw)] > 0, ¥ w € [0, 00)

1
lim {E + Re[G(jw)] — ywlm[G(jw)]} =0
we also need

lim o2 {% + RelG(jw)] — wlm[G(jw)]} -0

w—o0
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% + Re[G(jw)] — ywIm|[G(jw)] > 0, YV w € [0,00)

slope = 1ly wIM[G(jW]

—1/k Re[G(jw)]

Popov Plot
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T1 = Ty, Ty = —Ty— h(y), y=1x1
Ty = —axy —x2— h(y)+azx;, a>0

1

G(s) = Trsta Y(y) = h(y) —ay

hela,B] = v el0k] (k=8—-—a>0)

a— w? + yw?

>1 == —
v (0 — w?)? 4+ w?

>0, Vwe]l0,o00)

w?(a — w? + yw?)

and lim

=v—1>0
w—00 (a—w2)2+w2 i
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The system is absolutely stable for ¢ € [0, 0] (h € [, o0])

0.2 wimG slope=1

Re G
-0.2

-0.4
-0.6
-0.8

Compare with the circle criterion (7 = 0)

1 a— w?
E+m>07 VWG[0,00], fork<1+2\/a
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