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Nonlinear Systems and Control
Lecture#5
Limit Cycles



fOsciIlation: A system oscillates when it has a nontrivial
periodic solution

x(t+T)=x(t), Vt>0

Linear (Harmonic) Oscillator:

z1(t) = ro cos(Bt + Op), z9(t) = ro sin(Bt 4+ Oyp)
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\/22(0) + 23(0), 6o = tan™" [
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The linear oscillation is not practical because

# Itis not structurally stable. Infinitesimally small
perturbations may change the type of the equilibrium
point to a stable focus (decaying oscillation) or unstable
focus (growing oscillation)

# The amplitude of oscillation depends on the initial
conditions

The same problems exist with oscillation of nonlinear
systems due to a center equilibrium point (e.g., pendulum
without friction)
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fLimit Cycles:

Example: Negative Resistance Oscillator

(/
T F i = h(v)
L
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:i:l = X2
$.2 = —aI1 —sh'(azl)azz
There Is a unique equilibrium point at the origin
a , _
0,
A p— 8—f p—
Pla=0 | 1 —ew'(0)

AN +eh (0OOA+1=0
h'(0) < 0 = Unstable Focus or Unstable Node
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ﬁEnergy Analysis:

1~ .2 17 :2
FE = §CUC —I— EL?’L
ve =x1 and i = —h(x1) — —x2
g

E

3C{z] + [eh(z1) + 22]°}

C{a:lcizl + [eh(wl) —+ w2][€h,(a§1)ib1 + 2132]}

C{a:lccz —+ [eh(wl) -+ :cz][sh'(azl):cg — L1 — €h,(a}1)w2]}
Clxixes — exih(x1) — x122]

—eCx1h(x1)
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fExampIe: Van der Pol Oscillator

T1

T2

= —x1 +e(1 — 2z
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Z.z = —6(21—22—|—%Z§)
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fExampIe: Wien-Bridge Oscillator

Ry C1
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Equivalent Circuit



fState variables £ = v; and x5 = vo

i : [ + (z2)]
— —X €Tro — X
L1 Ci Ry 1 2 g\xr2
i ! [ + (z2)] !
= — —x ro — g(x — €T
t2 CoR,\ T2 92N T o R 2

There Is a unique equilibrium pointatz = 0
Numericaldata: C; = Cs = R = Ry, =1

g(v) = 3.234v — 2.195v° + 0.666v°
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X'=-x+y-(3.234y-2.195y° + 0.666 y°)
y'=—(-x+y-(3.234y-2.195y* + 0.666 y°)) - y
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Cursor position:  (-0.663, -1.7I) —_—
Computing the field element=.

Ready .

The fomward orbit from (013, -0.17 -7 3 neady closed orbit. —p. 13/7
The backward orbit from (0.13, -0.171--* 3 pos=ible eq. pt. near (0, 0.
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